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This Supplement is a continuation of [HS08], from which it was omit-

ted to avoid delaying that book’s publication and increasing its length

unacceptably.

Its aim is to describe a combinator-based account of Gödel’s proof of

the consistency of first-order arithmetic [Göd58]. It is a revised version

of [HS86, Ch.18] and its predecessors, [HLS72, Ch.11] and [Hin68, Ch.5].

The notation in this Supplement is from [HS08].

S1A Introduction

In the early 1900s, Bertrand Russell’s famous paradox in set theory

showed that mathematics contained contradictions — unless its foun-

dations were formulated very carefully, much more carefully than was

usual at that time. In view of this, logicians began to look at ways of

proving various restricted parts of mathematics consistent. Even simple

arithmetic came under their study.

Out of this work came Kurt Gödel’s famous Second Incompleteness

Theorem of 1931.1 Very roughly speaking, this theorem applies to every

formal theory A such that (1) the set of all proofs in A is decidable in the

usual sense [HS08, §5.4], and (2) A includes the first-order arithmetic

of + and × and mathematical induction. Gödel proved that if A is

consistent, then any proof of A’s consistency must use methods that are

stronger than those allowed in A itself.

1 For a precise statement of this theorem, see, for example, [Smu92, Ch.IX, §2,
Thm.3], [BJ90, Ch.16, Cor.2], [Men97, Prop.3.40] or [Sho01, §8.2 p.213]. For
further discussions of the theorem, see, for example, [Sha88], [Smu92], [NNH01]
and [Smi07].
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2 Consistency of arithmetic

After this negative theorem, it was natural to ask how much stronger

these methods need to be.

The formal first-order theory of the arithmetic of + and × and in-

duction is nowadays usually called Peano Arithmetic or PA, and its

intuitionistic analogue (whose consistency-problem was shown by Gödel

to be equivalent) is called Heyting Arithmetic or HA.1 In 1936, Gerhard

Gentzen devised a proof of the consistency of PA, in which the only

stronger-than-PA part was an assumption of the principle of induction

up to a certain transfinite ordinal number

ε0 = ω(ω(ω(...))) = (least ordinal α)
{
α = ωα

}
.

Later, Gödel himself proved the consistency of HA and PA by tak-

ing a different approach, as part of an attempt to clarify the meaning

of ‘constructive’.2 He interpreted the formulas of HA in a system T

of higher-order functions (now usually called the Primitive Recursive

Functionals of Finite Type or PRFs), whose key properties he hoped

could be understood in a more ‘constructive’ way than the properties

of ordinals up to ε0. His consistency-proof was described in a lecture in

1941 [Göd95, pp.186–200] and published in 1958 in the journal ‘Dialec-

tica’ [Göd58], and his interpretation of HA in T came to be called the

Dialectica interpretation.

Gödel’s description of T in 1958 was only an informal sketch, and it

turns out that one of the neatest ways to set up T formally is to use

combinatory logic. This is the aim of the present Supplement. In it,

we shall use a simply-typed version of CL with extra atoms for zero,

successor and iteration, namely the system CLZ→ defined in [HS08,

§A3C, pp.299–304].

This Supplement, after repeating the definition of CLZ→, will describe

the Dialectica interpretation, and show how the consistency of PA and

HA can be deduced from two basic theorems about CLZ→: confluence

and weak normalization.

Here ‘deduced’ means, roughly speaking, ‘deduced by methods no

stronger than those available in PA or HA’; let us call such methods

‘arithmetical ’. The proof of confluence of CLZ→ has been sketched in

[HS08, Theorem A2.15], and the reader with plenty of time and energy

can check that it is arithmetical. But, by Gödel’s 1931 theorem, no proof

1 PA and HA will be defined precisely in the next Section.
2 There are several schools of opinion on what that meaning should be; the main

ones and their histories are briefly sketched in [TD88, Ch.1].
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of consistency of PA can be wholly arithmetical (unless PA is actually

inconsistent!). Hence, if PA is consistent, the proof of normalization for

CLZ→ must contain a non-arithmetical step. This will be discussed in

§S1.36.

The present account, like those in [Hin68], [HLS72] and [HS86], de-

pends on work by Luis Sanchis, William Tait and Kurt Schütte (see, for

example, [San67], [Tai67] and [Sch77]), and of course on [Göd58]. It is

also greatly indebted to the thorough analyses of Gödel’s proof by Anne

Troelstra in [Tro73] and [Tro90]. (In [Tro73], §§1.1.1–1.3.10 define and

discuss HA, §§2.2.1–2.2.35 define a system like CLZ→ and prove nor-

malization theorems for it, and §§3.5.1–3.5.4 describe Gödel’s Dialectica

interpretation.)

Another outline of a Gödel-style consistency proof can be found in

[Sho01, Ch.8]. Also there are descriptions of the Dialectica interpreta-

tion, using combinators and giving normalization proofs, in [Sch77, Chs.

6,7], [TD88, Vol.1 Ch.3 §3, Vol.2 Ch.9] and [SU06, Chs. 9, 10].

S1B First-order Arithmetic

This Section will give precise definitions of Peano Arithmetic (PA) and

Heyting Arithmetic (HA), in versions designed especially to make their

consistency-proof easy, as in [Spe62, pp. 3–4].1

Definition S1.1 (The language of arithmetic)

Arithmetical terms: an infinite sequence of variables and one constant

0 are terms; if s and t are terms, then the following are terms (to denote

successor, addition and multiplication respectively):

(s ′), (s+ t), (s× t).

Arithmetical formulas: for all terms s, t, the equation s = t is a

formula; if A and B are formulas, then so are

(A ∧ B), (A ∨ B), (A ⊃ B), (¬A),

and (for all variables x)

(∀xA), (∃xA).

1 Given some time and patience, they can be proved equivalent to other better-
known versions of PA and HA, for example those in [Dal04, p.185, Ex.6] or [Kle52,
pp. 82, 101]; cf. [Tro73, §§1.1.3–1.1.12].



4 Consistency of arithmetic

Definition S1.2 (Peano Arithmetic, PA) PA is a (Hilbert style)

formal theory in the usual sense, see [HS08, Notation 6.1], with axioms

and rules given by the following schemes.

Axiom-schemes for logic:

1. A ⊃ (A ∧A) 2. (A ∧ B) ⊃ B 3. (A ∧ B) ⊃ (B ∧ A)

4. (A ∨A) ⊃ A 5. B ⊃ (A ∨ B) 6. (A ∨ B) ⊃ (B ∨ A)

7. (0=0′) ⊃ A 8. (¬A) ⊃ (A ⊃ 0=0′) 9. (A ⊃ 0=0′) ⊃ (¬A).

10. (¬¬A) ⊃ A.

Axiom-schemes for equality:

11. x=x 12. x=y ⊃ x′=y′ 13. x=y ⊃ (x=z ⊃ y=z).

Axiom-schemes for arithmetic:

14. ¬ (x′ = 0) 15. x′ = y′ ⊃ x = y

16. x+ 0 = x 17. x+ y′ = (x+ y)′

18. x× 0 = 0 19. x× y′ = (x× y) + x.

Rules of inference for logic: (In Rule 25, t is any term free for x in

A(x), i.e. such that no variable in t is bound in A(t). In 26–29, C
contains no free occurrences of x.)

20.
A A ⊃ B
B

21.
A ⊃ B B ⊃ C
A ⊃ C

22.
B ⊃ C

(A ∨ B) ⊃ (A ∨ C)

23.
A ⊃ (B ⊃ C)

(A ∧ B) ⊃ C
24.

(A ∧ B) ⊃ C

A ⊃ (B ⊃ C)

25.
∀xA(x)

A(t)
26.

C ⊃ A(x)

C ⊃ ∀xA(x)
27.
C ⊃ ∀xA(x)

C ⊃ A(x)

28.
A(x) ⊃ C

(∃xA(x)) ⊃ C
29.

(∃xA(x)) ⊃ C

A(x) ⊃ C

Rule of induction:

30.
A(0) ∀x(A(x) ⊃ A(x′))

A(x).
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Definition S1.3 (Heyting Arithmetic, HA) HA is obtained by

deleting from PA the axiom-scheme

10. (¬¬A) ⊃ A.

Thus the logic of HA is weaker than that of PA. In fact, with some

work, the logic of PA can be proved equivalent to classical truth-table

logic, and that of HA to the logic of the intuitionistic school of thought.

However, no previous knowledge of intuitionism will be needed to un-

derstand the present Supplement.1

Definition S1.4 (Consistency) We say PA or HA is consistent iff

the equation 0 = 0′ cannot be proved in the theory.

Theorem S1.5 (Gödel, Gentzen 1933) PA is consistent iff HA is

consistent; equivalently,

HA ` 0 = 0′ ⇐⇒ PA ` 0 = 0′ .

Proof For every arithmetical formula F , define its Gödel-Gentzen trans-

lation FG by eliminating ‘∨’ and ‘∃’ from F thus:{
replace A ∨ B by ¬ (¬AG ∧ ¬BG),

replace ∃xA by ¬∀x¬AG .

}
(1)

It can be proved that, for all F ,

PA ` F ⇐⇒ HA ` FG, (2)

PA ` (F ⊃ FG) ∧ (FG ⊃ F). (3)

For details see, e.g., [Dal04, pp. 185, 164] or [TD88, Vol.1, Ch.2 §3.4 &

Ch.3 §3.4] or [Kle52, §81].

From (2) the theorem follows, because (0 = 0′)G is (0 = 0′).

It can be checked that the above theorem’s proof uses only ‘arithmeti-

cal’ means.

1 Short introductions to intuitionistic logic are in [Dal04, Ch.5] and [TD88, Ch.1].
An informal but fuller introduction is [Hey73]. Deeper and more technical accounts
are included in, for example, [TD88, Chs.2–16, 2 vols.] and [TS00, Chs.2ff.]. The
first formal system for it was proposed in 1930 by Arend Heyting, based on the
philosophy of the founder of intuitionism, L. E. J. Brouwer.



6 Consistency of arithmetic

S1C The System CLZ→

The system CLZ→ was introduced in [HS08, Appendix A3, p.300, Defs.

A3.16–17]. For the reader’s convenience the key definitions are repeated

here.

Definition S1.6 (Types) [HS08, Def. 10.1] We assume just one atomic

type, N (for the set of all natural numbers). If σ and τ are types, then

so is

(σ → τ).

Notation S1.7 As usual, parentheses are omitted from types by asso-

ciation to the right. Then every type τ can be written uniquely as

τ ≡ τ1 → . . .→ τn → N (n ≥ 0). (4)

For any type τ , we may use the abbreviation

Nτ ≡ (τ → τ)→ τ → τ, (5)

as in [HS08, Ex. 11.8]. Note the special cases

NN, N(N→N→N), N(Nτ→τ).

Definition S1.8 (CLZ→-terms) [HS08, Defs. 10.19, A3.17] Atomic

terms are the following:

typed variables (as in [HS08, Def. 10.3]);

typed atomic combinators:

I(σ→σ) (one atom I(σ→σ) for each type σ);

K(σ→τ→σ) (one for each ordered pair σ, τ);

S((ρ→σ→τ)→(ρ→σ)→ρ→τ) (one for each ordered triple ρ, σ, τ);

typed arithmetical constants:

Z(N→Nτ ) (called iteration operators,1one for each type τ);

0̂N (for zero);

σ̂(N→N) (for the successor function).

Composite terms: if X(σ→τ) and Y σ are CLZ→-terms, with types as

shown, then the following is a CLZ→-term with type τ :

(X(σ→τ)Y σ)τ .
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Notation S1.9 In this Section, ‘term’ means ‘CLZ→-term’. Type-

superscripts are usually omitted, but may sometimes be included for

emphasis. The typed atomic combinators and iteration operators are

often called

Iσ, Kσ,τ , Sρ,σ,τ , Zτ .

‘Non-redex atom’ will means any atom other than these; i.e. any vari-

able or 0 or σ.

Typed abstractions [xσ].Mτ and substitutions [Uσ/xσ]Y τ are defined

as usual [HS08, Defs. 10.24, 10.21, or 2.18, 2.6]. It is easy to prove that

the type of [xσ].Mτ is (σ → τ), cf. [HS08, Ex. 10.25]. Also [Uσ/xσ]Y τ

has type τ , the same as Y τ . (If U has a different type from x, we do not

define [U/x].)

Typed weak reduction, .w, is defined as usual [HS08, Def. 10.22 or 2.9].

But we shall mostly use another reduction, .wZ, to be defined below.

Iteration notation: recall, from [HS08, §4.1], that X0Y ≡ Y and

Xn Y ≡ X(X(. . . . .(X︸ ︷︷ ︸Y ) . . .)) (for n ≥ 1).

n ‘X’s

This notation is meaningful for typed terms X(σ→σ) and Y σ, and the

type of XnY is σ.

Definition S1.10 (Numerals) [HS08, §4.25] For n = 0, 1, 2, ..., the

numeral n̂ is defined thus:

n̂ ≡ σ̂ n 0̂.

Clearly n̂ has type N. It will be used to represent n in CLZ→. The

Church numerals will also play a role. Recall from [HS08, Def. 4.2] that

the untyped Church numerals were

n ≡ (SB)n(KI) where B ≡ S(KS)K.

Definition S1.11 (Typed Church numerals) [HS08, §§A3.19, 11.8]

For every type τ , define 0τ , 1τ , 2τ , . . .nτ , . . . , as follows. First, let

Bτ,τ,τ ≡ Sµ,(τ→µ),(µ→µ)(Kθ,µSτ,τ,τ )Kµ,τ ,

1 or iteration combinators, although, strictly speaking, ‘combinator’ means a com-
bination of instances of I, K and S only.
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where µ ≡ τ → τ and θ ≡ (τ → µ)→ µ→ µ (cf. [HS08, Ex. 11.7]).

Then define

nτ ≡ (Sµ,µ,µBτ,τ,τ )n (Kµ,µ Iτ ). (6)

The type of nτ can easily be computed; it is Nτ . (Note that the type

of Bτ,τ,τ is

(τ → τ)→ (τ → τ)→ τ → τ ,

namely µ→ µ→ µ or µ→ Nτ .) Also, for all terms Xτ→τ and Y τ ,

nτ X Y .w XnY. (7)

Definition S1.12 (Typed wZ-reduction, .wZ) [HS08, §§4.26, A2.14,

A3.20] A Z-redex is any term Zτ n̂, and its contractum is nτ . Weak Z-

reduction .wZ is defined by contracting redexes (weak or Z-) in the usual

way, cf. [HS08, Def. 2.9]. In particular,

Zτ n̂ .wZ nτ . (8)

A (wZ-)normal form is a term containing no wZ-redexes.

The basic lemmas on reduction, substitution and abstraction for .w,

in particular [HS08, §§2.14, 2.28], can be proved also for .wZ. It is helpful

that a Z-redex cannot contain any other redex.

Definition S1.13 (Typed wZ-equality, =wZ) IffXσ can be changed

to Y τ by contractions and reversed contractions of wZ-redexes, we say

Xσ =wZ Y τ .

Note that both sides of (8) have the same type, Nτ ; hence

Xσ =wZ Y
τ =⇒ σ ≡ τ. (9)

Definition S1.14 (The formal theory CLZ→) CLZ→ is the formal

theory of typed wZ-equality, defined by adding to the formal theory

of typed weak equality [HS08, Def. 10.22] the following axiom-scheme

(denoting one axiom for each pair τ, n):

(Z) Zτ n̂ = nτ .

It is straightforward to prove that

CLZ→ ` X = Y ⇐⇒ X =wZ Y.
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S1D Main properties of CLZ→

Theorem S1.15 (Confluence, Church-Rosser) For all CLZ→-terms

X, Y : if X =wZ Y then there exists a CLZ→-term T such that

X .wZ T, Y .wZ T .

Proof [HS08, Appendix 2, §§ A2.15–16].

Corollary S1.15.1 A CLZ→-term can be wZ-equal to at most one wZ-

normal form.

Theorem S1.16 (Normalization) For all CLZ→-terms Xτ :

(SN) Xτ cannot be the start of an infinite wZ-reduction;

(WN) Xτ can be wZ-reduced to a wZ-normal form X∗ τ .

Proof Strong normalization (SN) has been proved in [HS08, Appendix

3, §§A3.22–23] by the method introduced in [Tai67]. And SN implies

weak normalization (WN).

However, Gödel’s consistency-proof only needs WN, not SN. Indeed,

the statement of SN involves the concept of arbitrary (possibly infinite)

reduction, and this concept is not ‘arithmetical’. For this reason a proof

of WN that is independent of SN will be given in Section S1G.

Theorem S1.17 Every closed CLZ→-term X with type N can be reduced

to a numeral, and this numeral is unique, i.e. X cannot be wZ-equal to

two distinct numerals.

Proof By S1.16(WN), X can be reduced to a normal form, and by

S1.15.1, this is unique. So, we only need to prove that every closed wZ-

normal form Y with type N is a numeral. This is done by induction on

Y . First, Y must have form

Y ≡ aY1...Ym ,

where n ≥ 0 and a is an atom (not a variable, because Y is closed). If

a is Iτ , Kσ,τ or Sρ,σ,τ , then it is easy to see that Y must either have a

composite type or contain a redex.

If a ≡ Zτ , then Z’s type implies Y ≡ ZY1Y2Y3 . . . Ym (m ≥ 3) and
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Y1 has type N. By the induction hypothesis, Y1 ≡ k̂ for some k, so Y

contains a redex Zk̂, contrary to our assumption.

If a ≡ 0̂, then m = 0 and Y is a numeral.

If a ≡ σ̂, then m = 1 and Y ≡ σ̂Y1. By the induction hypothesis,

Y1 ≡ k̂ for some k, so Y ≡ k̂ + 1.

In order to make Gödel’s Dialectica interpretation work in CLZ→,

we shall need to prove that certain standard procedures for defining

functions can be imitated in CLZ→. The following three constructions

from [HS08] will be crucial.

Lemma S1.18 (Predecessor combinator) There exists a closed

CLZ→-term π̂ with type N→ N, such that{
π̂ 0̂ =wZ 0̂,

π̂ (σ̂ n̂) =wZ n̂ (∀n ≥ 0).

}
(10)

Proof A suitable π̂ is given in [HS08, p.301, Ex. A3.21].

Lemma S1.19 (Recursion combinators) For every type τ , there

exists a closed CLZ→-term Rτ with type

τ → (N→ τ → τ)→ N→ τ, (11)

such that, for all Xτ , Y N→τ→τ and all k ≥ 0,{
RτX Y 0̂ =wZ X,

RτX Y (σ̂k̂ ) =wZ Y k̂ (RτXY k̂ ) .

}
(12)

Proof A suitable Rτ is given in [HS08, p.301, Ex. A3.21]. Its type (11)

ensures that both sides of the equations in (12) are genuine typed terms

and have the same type, namely τ .

Lemma S1.20 (Zero-test or Pairing combinators) For every type

τ , there exists a closed CLZ→-term D∗τ with type τ → τ → N → τ ,

such that, for all Xτ and Y τ ,{
D∗τ X Y 0̂ =wZ X,

D∗τ X Y k̂ + 1 =wZ Y.

}
(13)

Proof See [HS08, p.301, Ex. A3.21]. (Note that X and Y have the same

type.)
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Definition S1.21 (Representing numerical functions) A numer-

ical function φ is an n-argument function (n ≥ 0) whose input-values

and output-values are natural numbers. If φ is total, a CLZ→-term X

represents φ iff

(a) the type of X is N→ N→ ... N→ N with n arrows, and

(b) for all m1, ..., mn we have

φ(m1, ...,mn) = k =⇒ X m̂1...m̂n .wZ k̂. (14)

Theorem S1.22 Every primitive recursive numerical function φ can

be represented by a closed CLZ→-term (which we shall call φ̂ ).

Proof One way to build φ̂ is to follow the proof of [HS08, Theorem 4.11],

but to replace σ, 0 and RBernays in that proof by σ̂, 0̂ and the special case

RN of Rτ from Lemma S1.19. (Other ways also exist; in what follows, it

does not matter which representative we choose to call φ̂.)

Corollary S1.22.1 There exist closed CLZ→-terms +̂, ×̂, ε̂ and ·̂ ,

each having type N→ N→ N, such that, for all m, n,

+̂ m̂ n̂ =wZ m̂+ n;

×̂ m̂ n̂ =wZ m̂× n;

ε̂ m̂ n̂ =wZ 0̂ if m = n, otherwise ε̂ m̂ n̂ =wZ 1̂;

·̂ m̂ n̂ =wZ m̂− n if m ≥ n, otherwise ·̂ m̂ n̂ =wZ 0̂.

Proof The functions +, × and cut-off subtraction are well known to be

primitive recursive. Cf. [HS08, §§4.8–10 and answer to Ex. 4.16]. So also

is the equality-test function, which we call ε here.

Definition S1.23 Define CLZ→-terms ∧̂, ∨̂, ⊃̂, ¬̂ thus:

∧̂ ≡ +̂, ⊃̂ ≡ [xN, yN]. ¬̂ (∧̂x (¬̂ y)),

¬̂ ≡ [xN]. ·̂ 1̂x, ∨̂ ≡ [xN, yN]. ¬̂ (∧̂ (¬̂x) (¬̂y)).

Lemma S1.24 The terms ∧̂, ∨̂, ⊃̂ and ¬̂ represent the propositional

connectives ∧, ∨, ⊃ and ¬ in the following sense: if X and Y are closed

CLZ→-terms with type N, then so are ∧̂XY , ∨̂XY , ⊃̂XY and ¬̂X, and

hence they reduce to numerals; further,
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∧̂XY .wZ 0̂ ⇐⇒ X .wZ 0̂ and Y .wZ 0̂;

¬̂X .wZ 0̂ ⇐⇒ X .wZ k̂ + 1 for some k;

∨̂XY .wZ 0̂ ⇐⇒ X .wZ 0̂ or Y .wZ 0̂;

⊃̂XY .wZ 0̂ ⇐⇒ Y .wZ 0̂ or X .wZ k̂ + 1 for some k.

Notation S1.25 From now on, the term ∧̂XY will be called ‘X∧̂Y ’,

and similarly for ∨̂, ⊃̂, +̂, ×̂ and ·̂ .

Remark S1.26 (Multiple-recursive functions) By the way, not

only primitive recursive functions can be represented in CLZ→. The

multiple-recursive functions are a class of numerical total functions first

described in [Pét36], and all of these are known to be CLZ→-repres-

entable, cf. [Dil68, Satz 2.3], [Tai68, pp. 189–191].

For example, the Ackermann function (a double-recursive function) is

defined thus (for all m,n ≥ 0):1
φ(0, n) = n+ 1,

φ(m+ 1, 0) = φ(m, 1),

φ(m+ 1, n+ 1) = φ(m,φ(m+ 1, n)).

 (15)

It can be represented in CLZ→ by this term:

φ̂ ≡ R2N σ̂
(
K2(2N),N

(
[u2N]. RN (u 1̂ ) (K2N,N u)

))
, (16)

using the abbreviation 2τ ≡ τ → τ for all types τ . Exercise: check that

φ̂ is correctly typed and that
φ̂ 0̂ n̂ =wZ n̂+ 1,

φ̂ m̂+ 1 0̂ =wZ φ̂ m̂ 1̂,

φ̂ m̂+ 1 n̂+ 1 =wZ φ̂ m̂ (φ̂ m̂+ 1 n̂ ) .

 (17)

From (17) it follows that φ̂ m̂ n̂ =wZ φ̂(m,n) for all m,n ≥ 0.

(By the way, the φ̂ in (16) contains an Rτ with τ not atomic; thus it

uses the concept of primitive recursion of higher type to help represent

a non-primitive recursive function of lower type.)

1 This function is actually a simplification, due to Rozsa Péter and Raphael M.
Robinson, of a function published in 1928 by Wilhelm Ackermann; a proof that it
is not primitive recursive is contained in [Rob48].
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S1E The Dialectica Interpretation

The proof of the consistency of HA begins with an interpretation of the

language of HA into a type-theoretic language, which we can think of as

the language of CLZ→ with quantifiers and a few other symbols added.

Each arithmetical term t is interpreted as a CLZ→-term which we shall

call tD, and each arithmetical formula F as an expression FD.

Definitions of tD and FD will be given below.1 But first we describe

the structure that FD will have.

Definition S1.27 An ∃∀-claim is any expression of form

∃y1, ..., ym ∀z1, ..., zn [A . 0̂ ],

where A is any CLZ→-term with type N, and y1, ..., ym, z1, ..., zn (m,n ≥
0) are any CLZ→-variables (distinct, by our usual convention) with

any types. The term A may contain other variables besides y1, ..., ym,

z1, ..., zn, and need not contain all of y1, ..., ym, z1, ..., zn.

Notation S1.28 In this Section, sequences such as x1, ..., xk, y1, ..., ym,

U1, ..., Un, V1, ..., Vp (k,m, n, p ≥ 0) will often be abbreviated to

x, y, U, V .

Then ‘(U V )’ or ‘U V ’ will mean the sequence of n terms

(U1V1 . . . Vp), . . . , (UnV1 . . . Vp). (18)

(This notation will only be used when the types of the terms in U and

V fit together so that (U1V1 . . . Vp), etc. are genuine typed terms.)

When writing CLZ→-terms in this Section, it will often be convenient

to display variables, for example

A ≡ A{x, y, z}, (19)

and to write substitutions so that, for example, if A is as above,

A{X,Y , z} ≡
[
X1/x1

]
...
[
Xk/xk

][
Y1/y1

]
...
[
Ym/ym

]
A.

(As mentioned earlier, substitutions will only be made when X1 has the

same type as x1, etc.)

1 More detailed treatments of the Dialectica interpretation can be found, for exam-
ple, in [Tro73, §§3.5.1–3.5.21, cf. also §§1.6.3–1.6.15, etc.] and [Sch77, Chs.VI–VII,
esp. §19 in Ch.VII].
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Using the above notation, an expression ∃y1, ..., ym ∀z1, ..., zn [A . 0̂ ]

may be written as

∃y ∀z [A{x, y, z} . 0̂ ]

or sometimes as

∃y ∀z [A{y, z} . 0̂ ].

Definition S1.29 (True ∃∀-claims)

(a) Every quantifierless ∃∀-claim has form [A{x} . 0̂ ], where x =

FV (A) written in some standard order. We shall call it true iff, for all

(sequences of) closed CLZ→-terms X,

A{X} .wZ 0̂ ;

i.e. iff, for every X, we can actually construct a wZ-reduction leading

from A{X} to 0̂.

(b) An ∃∀-claim of form

∃y ∀z [A{x, y, z} . 0̂ ],

where {x, y, z} = FV(A) in some standard order, will be called true iff

there exist closed CLZ→-terms Y such that, for all closed CLZ→-terms

X and Z,

A{X, Y X, Z} . 0̂ .

Warning S1.30 If a quantifierless claim [A{x} . 0̂ ] is true in the

sense of S1.29(a), this does not imply that A{x} wZ-reduces to 0̂. For

example, let

A{xN} ≡ ZN x
N IN 0̂ .

Then the claim [A{xN} . 0̂ ] is true in the sense of S1.29(a); because,

for every closed term XN, XN reduces to a numeral by Theorem S1.17

and so A{XN} reduces to 0̂. But A{xN} does not reduce to 0̂, indeed it

is irreducible.

Definition S1.31 (Dialectica interpretation) Each term t in the

language of HA is interpreted as a CLZ→-term tD with type N, and each

formula F in the language of HA is interpreted as an ∃∀-claim FD, as

follows. (Motivation will be given after this definition.)

(a) Interpreting terms

(i) To each variable v, assign a distinct type-N variable vD.
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(ii) 0D ≡ 0̂ .

(iii) (t1 + t2)D ≡ tD1 +̂ tD2 , which is really +̂ tD1 t
D
2 .

(iv) (t1 × t2)D ≡ tD1 ×̂ tD2 , which is really ×̂ tD1 tD2 .

(v) (t ′)D ≡ σ̂ tD .

(b) Interpreting atomic formulas

(t1 = t2)D ≡
[

(ε̂ tD1 t
D
2 ) . 0̂

]
, where ε̂ was defined in S1.22.1.

(c) Interpreting connectives

Suppose AD and BD have already been defined. If they have any

bound variables in common, change those in AD to new ones.

Now suppose

AD ≡ ∃y∀z
[
A{y, z} . 0̂

]
, BD ≡ ∃v∀w

[
B{v, w} . 0̂

]
.

(Free variables in AD and BD are not displayed here.)

Define

(i) (A ∧ B)D ≡

∃ y v ∀ z w
[ (
A{y, z} ∧̂B{v, w}

)
. 0̂

]
;

(ii) (A ∨ B)D ≡

∃ y v d ∀ z w
[ ((

(ε̂ d 0̂ ) ∧̂A{y, z}
)
∨̂
(
(ε̂ d 1̂ ) ∧̂B{v, w}

))
. 0̂
]

,

where d is a new type-N variable and ε̂ is the

equality-test combinator defined in S1.22.1;

(iii) (A ⊃ B)D ≡

∃ z′ v′ ∀ y w
[ (
A{y, z′ yw} ⊃̂B{v′ y, w}

)
. 0̂

]
,

where z′, v′ are new variables whose types are

chosen such that z′ yw and v′ y have the same

types as z and v respectively;

(iv) (¬A)D ≡

∃ z′ ∀ y
[ (
¬̂A{y, z′ y}

)
. 0̂

]
,

where z′ are new variables whose types are

chosen such that z′ y have the same types as z .
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(d) Interpreting quantifiers

Let A be an arithmetical formula and x be a variable which may

or may not occur free in A. Suppose AD has already been defined,

and xD is the CLZ→-variable assigned to x in clause (a)(i). Let

us write

AD ≡ ∃ y ∀ z
[
A{xD, y, z} . 0̂

]
. (20)

(But we do not assume that xD occurs free in AD, nor that xD is

the only variable free in AD.) Define

(i) (∃xA)D ≡ ∃xD y ∀ z
[
A{xD, y, z} . 0̂

]
;

(ii) (∀xA)D ≡ ∃ y′ ∀xD z
[
A{xD, y′xD, z} . 0̂

]
,

where y′ are new variables chosen such that

y′xD have the same types as y .

Discussion S1.32 (Informal motivation) Suppose we use logical

symbols informally for the moment, and suppose we wish to interpret

‘∃’ in a constructive sense, particularly in formulas of form ∀x∃yA(x, y).

A very natural way to do this is to say that ∀x∃yA(x, y) only holds

if there is a function y′ that assigns to each value of x a value of y

satisfying A(x, y); that is, to assume a principle that constructivists call

the ‘axiom-scheme of choice’:

(AC) ∀x∃yA(x, y) ⇐⇒ ∃y′ ∀xA(x, y′(x)).

Given (AC), the definition of (∀xA)D in S1.31(d)(ii) is motivated thus:

first interpret ∀xA informally as ∀xDAD, which is equivalent, by (20),

to

∀xD ∃y ∀z [. . . ];

then apply (AC) to get

∃y′ ∀xD ∀z [. . . . . . ].

For (∃xA)D in S1.31(d)(i), the motivation is obvious.

To motivate (A∧ B)D, (A∨ B)D, (A ⊃ B)D and (¬A)D, we may first

interpret A∧B informally as AD ∧BD, etc., and then note the following

equivalences. (For simplicity, suppose A and B have no free variables.)

For (A ∧ B)D, cf. S1.31(c)(i):
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∃y ∀z
[
A . 0̂

]
∧ ∃v ∀w

[
B . 0̂

]
⇐⇒ ∃y v ∀z w

[
A . 0̂ ∧ B . 0̂

]
by informal use of some standard predicate-

logic equivalences (which hold for intuition-

istic logic as well as classical),1

⇐⇒ ∃y v ∀z w
[
(A ∧̂ B) . 0̂

]
by S1.24.

For (A∨B)D, cf. S1.31(c)(ii), the new variable d serves as a ‘signal-flag’

or ‘marker’. Equations such as (d = 0) and (d = 1) are decidable in HA,

in the sense that HA ` (E ∨ ¬E) if E is an equation.2 Using them, we

can obtain S1.31(c)(ii) thus:

∃y ∀z
[
A . 0̂

]
∨ ∃v ∀w

[
B . 0̂

]
⇐⇒ ∃d

[(
d = 0 ∧ ∃y ∀z

[
A . 0̂

])
∨
(
d = 1 ∧ ∃v ∀w

[
B . 0̂

])]
by informal use of ∃d(d = 0), ∃d(d = 1) and

intuitionistically valid logical equivalences,3

⇐⇒ ∃y v d ∀z w
[(
d = 0 ∧ A . 0̂

)
∨
(
d = 1 ∧ B . 0̂

)]
by informal use of logical equivalences and

the decidability of (d = 0) and (d = 1),

⇐⇒ ∃y v d ∀z w
[((

(ε̂ d 0̂ ) ∧̂A
)
∨̂
(
(ε̂ d 1̂ ) ∧̂B

))
. 0̂

]
by S1.24.

For (A ⊃ B)D, cf. S1.31(c)(iii), we move the quantifiers leftwards and

then apply (AC) to change their order, as follows.

∃y ∀z
[
A{y, z} . 0̂

]
⊃ ∃v ∀w

[
B{v, w} . 0̂

]
⇐⇒ ∀y

[
∀z
[
A{y, z} . 0̂

]
⊃ ∃v ∀w

[
B{v, w} . 0̂

] ]
by (informal) use of a standard equivalence

valid in intuitionistic and classical logic,4

1 For a list of such equivalences, see [Dal04, Lemma 5.2.1] or [Kle52, §35 (where
formulas not marked ‘ o ’ are provable in both intuitionistic and classical logic)].

2 Cf. [Kle52, §40, *158] or [TD88, Ch.3, end of §3.3] or [Dal04, Ex.6 at end of Ch.5].
3 Cf. the list in [Kle52, §35].
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⇐⇒ ∀y ∃v
[
∀z
[
A{y, z} . 0̂

]
⊃ ∀w

[
B{v, w} . 0̂

] ]
by an equivalence (not intuitionistically valid),

⇐⇒ ∀y ∃v ∀w
[
∀z
[
A{y, z} . 0̂

]
⊃
[
B{v, w} . 0̂

] ]
by an intuitionistically valid equivalence,

⇐⇒ ∀y ∃v ∀w ∃z
[ [
A{y, z} . 0̂

]
⊃
[
B{v, w} . 0̂

] ]
by an equivalence (not intuitionistically valid),

⇐⇒ ∃v′ z′ ∀y w
[[
A{y, z′ y w} . 0̂

]
⊃
[
B{v′ y, w} . 0̂

]]
by (AC) used three times,

⇐⇒ ∃v′ z′ ∀y w
[ (

A{y, z′ y w} ⊃̂ B{v′ y, w}
)

. 0̂
]

by S1.24.

For (¬A)D, cf. S1.31(c)(iv), we begin with ¬(AD), move the negation

rightwards, and then apply (AC), thus:

¬∃y ∀z
[
A{y, z} . 0̂

]
⇐⇒ ∀y ¬∀z

[
A{y, z} . 0̂

]
by an intuitionistically valid equivalence,

⇐⇒ ∀y ∃z ¬
[
A{y, z} . 0̂

]
by an equivalence (not intuitionistically valid),

⇐⇒ ∃z′ ∀y ¬
[
A{y, z′y } . 0̂

]
by (AC),

⇐⇒ ∃z′ ∀y
[(
¬̂A{y, z′y}

)
. 0̂

]
by S1.24.

Remark S1.33 A fuller discussion and motivation of the Dialectica

interpretation is in [Tro73, §3.5.3]. The above informal equivalences can

be transformed into a rigorous proof of F ↔ FD in a suitable formal

theory which contains both HA and CLZ→, and has two extra (classi-

cally valid) logical axiom-schemes to take care of the non-intuitionistic

4 Cf. [Dal04, Lemma 5.2.1] or [Kle52, §35].
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steps above. This is done in [Tro73, §§3.5.7, 3.5.10]; the formal theory

called HAω there is defined in [Tro73, §§1.6.3–1.6.7].

But, to prove the consistency of arithmetic, a formal equivalence

F ↔ FD is not necessary; all that is needed is the following sound-

ness theorem, cf. [Tro73, Theorem 3.5.4].

S1F Soundness and consistency

Theorem S1.34 (Soundness) If F is an arithmetical formula and

HA ` F , then its Dialectica interpretation FD is true in the sense of

Definition S1.29.

Proof By induction on the length of the proof of F in HA, with cases

according to whether F is an axiom from Definitions S1.2/S1.3 or the

conclusion of a rule. To show the method, two cases will be treated here

in detail: the first axiom-scheme and the most difficult rule, induction.

The other cases will be left as a tedious but not very difficult exercise;

for an account that covers more, see [Tro73, proof of Theorem 3.5.4].

Case 1: Axiom-scheme A ⊃ (A ∧A).

Let F be A ⊃ (A ∧ A). To construct FD, we start with AD; suppose,

for simplicity, that AD contains only three variables, one free and one

bound by each quantifier; say

AD ≡ ∃y ∀z [A{x, y, z} . 0̂ ] (21)

for some CLZ→-term A{x, y, z}.
To build (A ∧ A)D: by Definition S1.31(c) we must first make two

‘copies’ of AD, with distinct bound variables but the same free variable;

say

∃y2 ∀z2 [A{x, y2, z2} . 0̂ ] , ∃y3 ∀z3 [A{x, y3, z3} . 0̂ ] .

Then, by S1.31(c)(i),

(A ∧A)D ≡ ∃ y2y3 ∀ z2z3
[(
A{x, y2, z2} ∧̂ A{x, y3, z3}

)
. 0̂

]
. (22)

To build (A ⊃ (A ∧ A))D: we must first make a third ‘copy’ of AD

with new bound variables: say

∃y1 ∀z1 [A{x, y1, z1} . 0̂ ] .
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Then, by S1.31(c)(iii),

(A ⊃ (A ∧A))D ≡ ∃ z1′ y2′ y3′ ∀ y1 z2 z3 [G . 0̂ ] , (23)

where

G ≡

(
A{x, y1, z1′y1z2z3} ⊃̂(
A{x, y2′y1, z2} ∧̂ A{x, y3′y1, z3}

) ) . (24)

To prove that (A ⊃ (A ∧ A))D is true in the sense of S1.29(b), we

must construct closed CLZ→-terms Z1
′, Y2

′, Y3
′ such that, for all closed

X, Y1, Z2, Z3, the term[
X/x, (Z1

′X)/z1
′, (Y2

′X)/y2
′, (Y3

′X)/y3
′, Y1/y1, Z2/z2, Z3/z3

]
G

reduces to 0̂. Call this term G+. By (24),

G+ ≡

(
A{X, Y1, Z1

′XY1Z2Z3} ⊃̂(
A{X, Y2′XY1, Z2} ∧̂ A{X, Y3′XY1, Z3}

) ) . (25)

Choose

Z1
′ ≡ [x, y1, z2, z3].D∗ z2 z3 (A{x, y1, z3}),

Y2
′ ≡ Y3

′ ≡ [x, y1].y1 ,

where D∗ is a suitably-typed pairing-combinator as defined in S1.20.

Then, by doing a few weak contractions in (25), G+ reduces to the

term (
A{X, Y1, (D∗Z2Z3A

+) } ⊃̂
(
A{X,Y1, Z2} ∧̂ A+

))
, (26)

where

A+ ≡ A{X,Y1, Z3}.

Now, A+ and A{X,Y1, Z2} are closed CLZ→-terms with type N, so

by S1.17 they reduce to numerals.

(i) If A+ .wZ 0̂: then D∗Z2Z3A
+ =wZ Z2 by S1.20, and so, by (26),

G+ =wZ

(
A{X,Y1, Z2} ⊃̂

(
A{X,Y1, Z2} ∧̂ 0̂

))
=wZ 0̂ by the properties of ⊃̂, ∧̂ in S1.24.
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(ii) If A+ .wZ k̂ + 1 for some k ≥ 0: then D∗Z2Z3A
+ =wZ Z3 by

S1.20, so

G+ =wZ

(
A+ ⊃̂

(
A{X,Y1, Z2} ∧̂ k̂ + 1

))
=wZ

(
k̂ + 1 ⊃̂

(
A{X,Y1, Z2} ∧̂ k̂ + 1

))
=wZ 0̂ by the properties of ⊃̂, ∧̂ in S1.24.

In both cases above, ‘=wZ 0̂ ’ can be replaced by ‘.wZ0̂ ’ by confluence,

cf. Theorem S1.17. Hence (A ⊃ (A ∧A))D is true, as desired.

Case 2: Rule of Induction

A(0) ∀x(A(x) ⊃ A(x′))

A(x).

(See S1.2(30).) Assume that (A(0))D and (∀x(A(x) ⊃ A(x′)))D are both

true in the sense of Definition S1.29. We must deduce that (A(x))D is

true.

Now A(x) may contain other free variables besides x; for simplicity,

suppose there is only one of these, call it u. Again for simplicity, suppose

A(x)D has only two quantified variables; say

(A(x))D ≡ ∃y ∀z
[
A{uD, xD, y, z} . 0̂

]
. (27)

(In the following, ‘uD’, ‘xD’ will be written as ‘u’, ‘x’; they both have

type N by S1.31(a)(i) . Let the types of y, z be µ, ν respectively.)

From Definition S1.31, it can easily be shown that

(A(0))D ≡ ∃y ∀z
[
A{u, 0̂, y, z} . 0̂

]
, (28)

and

(A(x′))D ≡ ∃y ∀z
[
A{u, σ̂x, y, z} . 0̂

]
.

We next write out (∀x(A(x) ⊃ A(x′)))D. To do this, first make two

‘copies’

A{u, x, y1, z1}, A{u, σ̂x, y2, z2},

and apply Definition S1.31(c)(iii) to get (A(x) ⊃ A(x′))D, which is

∃ z1′ y2′ ∀y1 z2
[(
A{u, x, y1, z1′y1z2} ⊃̂ A{u, σ̂x, y2′y1, z2}

)
. 0̂

]
.

Then apply Definition S1.31(d)(ii) to obtain(
∀x(A(x) ⊃ A(x′))

)D ≡ ∃ z1′′ y2′′ ∀x y1 z2
[
H . 0̂

]
, (29)
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where

H ≡
(
A{u, x, y1, z1′′xy1z2} ⊃̂ A{u, σ̂x, y2′′xy1, z2}

)
. (30)

Our assumptions that (A(0))D and (∀x(A(x) ⊃ A(x′)))D are true

mean (by applying S1.29 to (28)–(30)) that there exist closed CLZ→-

terms Y , Z1
′′, Y2

′′ such that, for all closed U , Z, X, Y1, Z2, the following

two CLZ→-terms reduce to 0̂:

A{U, 0̂, Y U, Z}, (31)

A{U, X, Y1, Z1
′′UXY1Z2} ⊃̂ A{U, σ̂X, Y2′′UXY1, Z2} . (32)

To deduce that (A(x))D is true: by (27) and S1.29, we must construct

a closed CLZ→-term Y ∗ such that

A{U, X, Y ∗UX, Z} (33)

reduces to 0̂, for all closed U , X, Z.

Define

Y ∗ ≡ [u].R(Y u)(Y2
′′u), (34)

where R is a recursion combinator with suitable type, see S1.19. Then,

for all k ≥ 0, {
Y ∗ u 0̂ =wZ Y u,

Y ∗ u k̂ + 1 =wZ Y2
′′ u k̂ (Y ∗uk̂ ) .

}
(35)

Now, by comparing (33) with (27), it can be seen that any closed

X for which (33) is correctly typed must have type N; hence such an

X must reduce to a numeral, by S1.17. Therefore, to prove that (33)

reduces to 0̂, it is enough to prove that

A{U, m̂, Y ∗Um̂, Z}. (36)

reduces to 0̂ for all m ≥ 0 and all closed U , Z. This is proved by

induction on m, as follows.

Basis (m = 0).

By (35), Y ∗U 0̂ =wZ Y U , so (36) is wZ-equal to (31) which has been

assumed to reduce to 0̂. Hence (36) reduces to 0̂ by the uniqueness of

normal forms, S1.15.1.

Induction-step (m to m+ 1).

For m + 1, (36) becomes A{U, m̂+ 1, Y ∗Um̂+ 1, Z}, and by (35),

this is wZ-equal to

A{U, m̂+ 1, Y2
′′Um̂ (Y ∗Um̂ ), Z} . (37)
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This is a closed term with type N, so by S1.17 it reduces to a unique

numeral p̂ ; we must show that p = 0. Now the assumption that (32)

reduces to 0̂ was made for all closed terms U , Z, X, Y1, Z2. Choose, in

particular,

X ≡ m̂, Y1 ≡ Y ∗Um̂, Z2 ≡ Z.

Then the following is a special case of (32), for all closed U , Z:

A{U, m̂, Y ∗Um̂, Z1
′′Um̂ (Y ∗Um̂ )Z} ⊃̂

A{U, m̂+ 1, Y2
′′Um̂ (Y ∗Um̂ ), Z},

(38)

and our assumption implies that this term reduces to 0̂. The second

part of (38) is the same as (37), which reduces to p̂. The first part is

like (36), but with Z replaced by

Z1
′′Um̂ (Y ∗Um̂ )Z. (39)

The hypothesis of the induction on m is that (36) reduces to 0̂ for all

closed terms Z. This includes the case when Z is replaced by (39), so

(38) reduces to

0̂ ⊃̂ p̂ .

But (38) also reduces to 0̂ by assumption. So

0̂ ⊃̂ p̂ =wZ 0̂ . (40)

By the definition of ⊃̂ and the Church-Rosser theorem, this implies

p = 0. This completes the induction-step from m to m+ 1, and proves

that the claim (A(x))D shown in (27) is true.

Thus we seem to have finished with the rule of induction. But this

is not quite so: an assumption was made in (27) that (A(x))D contains

only one ∃-quantified variable y, but unfortunately the general case is

not just a trivial extension of this special case.

To deal with the general case, suppose that instead of (27) we have

(A(x))D ≡ ∃y1 . . . yn ∀z
[
A{u, x, y1, . . . yn, z} . 0̂

]
, (41)

where the types of u, x, y1, . . . , yn, z are respectively N, N, µ1, . . . , µn, ν

(by analogy with the types shown just after (27)).

Then the previous argument will work if we can construct closed

CLZ→-terms Y ∗1 , . . . , Y
∗
n such that, for i = 1, . . . n and all k ≥ 0,{

Y ∗i u 0̂ =wZ Pi u,

Y ∗i u k̂ + 1 =wZ Qi u k̂ (Y ∗1 uk̂ ) . . . (Y ∗n uk̂ ) ,

}
(42)



24 Consistency of arithmetic

where P1, . . . , Pn are n analogues of the closed term Y in (31) and (35),

and Q1, . . . , Qn are n analogues of Y2
′′ in (32) and (35).

So, instead of satisfying a single recursion (35), we must now construct

Y ∗1 , . . . , Y
∗
n to satisfy an n-fold simultaneous recursion (42).

If y1, . . . , yn in (41) all have the same type, it is not hard to construct

Y ∗1 , . . . , Y
∗
n by building n-tuples (using the pairing combinators in S1.20)

and using primitive recursion.

If y1, . . . , yn have different types, we can use the following construc-

tion.1 It proceeds by induction on n.

Basis (n = 1). Similarly to (34), define

Y ∗1 ≡ [u].R(P1u)(Q1u).

Induction step (n− 1 to n). Let P1, . . . , Pn, Q1, . . . , Qn be any closed

CLZ→-terms whose types are such that (for i = 1, . . . , n) Piu has a type,

say σi, and Qiu has a type that gives both sides of (42) the type σi; that

is, Qiu has type

N→ N→ σ1 → . . .→ σn → σi.

We must construct closed terms Y ∗1 , . . . , Y
∗
n to satisfy (42).

First define

C ≡ [u, v1, . . . , vn−1].R
(
Pnu

)(
[x].Qnux(v1x) . . . (vn−1x)

)
, (43)

using a suitably-typed R from S1.19. Then define, for i = 1, . . . , n− 1,{
Ei ≡ [u, x, v1, . . . , vn−1, w].D

(
viw
)(
Qiux(v1x) . . .

. . . (vn−1x)(Cuv1 . . . vn−1x)
)(
w ·̂ x

)
,

}
(44)

where D is a suitably-typed pairing combinator from S1.20 and ·̂ is

from S1.22.1.

Now the hypothesis of the induction on n is that the construction giv-

ing (42) is possible for n−1. Apply this hypothesis, not to P1, . . . , Pn−1,

Q1, . . . , Qn−1, but to S(KK)P1, . . . ,S(KK)Pn−1, E1, . . . , En−1. This

gives closed terms G1, . . . , Gn−1 such that, for all k ≥ 0,{
Gi u 0̂ =wZ S(KK)Pi u ,

Gi u k̂ + 1 =wZ Ei u k̂ (G1 u k̂ ) . . . (Gn−1 u k̂ ) .

}
(45)

1 The present author first learned this construction from K. Schütte in 1969 in
correspondence; compare [Sch77, Ch.VI, proof of Thm.17.12]. In the account
in [HLS72, p.156] part of the definition of Ei was inadvertently omitted by the
printer; the account in [HS08, §18B] was correct.
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(Note that S(KK)Piu ≡ ([u, x].Piu)u =wZ K(Piu).) Then define{
Y ∗i ≡ [u, x].Giuxx for i = 1, . . . , n− 1,

Y ∗n ≡ [u, x].C u (G1ux) . . . (Gn−1ux)x .

}
(46)

We must prove that Y ∗1 , . . . , Y
∗
n satisfy (42).1 The key will be the fol-

lowing three sub-lemmas about C and G1, . . . , Gn−1.

Sub-Lemma 1. For all k ≥ 0,{
Cuv1..vn−10̂ =wZ Pn u ,

Cuv1..vn−1k̂ + 1 =wZ Qnu k̂ (v1k̂ )..(vn−1k̂ )(Cuv1..vn−1k̂ ).

}
(47)

Proof of (47). By S1.19 and the definition of C in (43).

Sub-Lemma 2. For i = 1, . . . , n− 1, all k ≥ 0 and all r, s ≥ k,

Giu r̂ k̂ =wZ Giu ŝ k̂ . (48)

Proof of (48). It is enough to prove Giu r̂ + 1 k̂ =wZ Giu r̂ k̂ for

all r ≥ k.

By (45), Giu r̂ + 1 k̂ =wZ Eiu r̂ (G1ur̂ )...(Gn−1ur̂ ) k̂ , and by (44)

this =wZ D (Giur̂ k̂ )(Qi . . . )(k̂
·̂ r̂ ) , which =wZ Giu r̂ k̂ by S1.20,

since k · r = 0 because k ≤ r.

Sub-Lemma 3. For all k ≥ 0 and all r, s ≥ k,

C u (G1ur̂ )...(Gn−1ur̂ ) k̂ =wZ C u (G1uŝ )...(Gn−1uŝ ) k̂ . (49)

Proof of (49). We use induction on k.

Basis (k = 0): both sides of (49) are wZ-equal to Pnu by (47).

Induction step (k to k + 1): For k + 1, the left side of (49) is

wZ-equal, by (47), to

Qnu k̂ (G1u r̂ k̂ ) . . . (Gn−1u r̂ k̂ ) (Cu (G1u r̂ )...(Gn−1u r̂ ) k̂ ) .

By (48) and the induction hypothesis, this is wZ-equal to

Qnu k̂ (G1u ŝ k̂ ) . . . (Gn−1u ŝ k̂ ) (C u (G1u ŝ )...(Gn−1u ŝ ) k̂ ) ,

which is wZ-equal, by (47), to the right side of (49) for k+ 1.

To prove that the Y ∗1 , . . . , Y
∗
n defined in (46) satisfy (42), we shall deal

first with Y ∗1 , . . . , Y
∗
n−1 and then with Y ∗n .

Proof that Y ∗i satisfies both parts of (42), for 1 ≤ i ≤ n− 1. First,

1 This proof was claimed in [HLS72] and [HS86] to be straightforward. It does not
seem so now!
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Y ∗i u 0̂ =wZ Gi u 0̂ 0̂ by (46)

=wZ S(KK)Pi u 0̂ by (45)

=wZ Pi u .

Also

Y ∗i u k̂ + 1 =wZ Gi u k̂ + 1 k̂ + 1 by (46)

=wZ Ei u k̂ (G1uk̂ ) . . . (Gn−1uk̂ ) k̂ + 1 by (45)

=wZ D
(
Giu k̂ k̂ + 1

)(
Qi u k̂ (G1uk̂k̂ ) . . .

. . .
(
Gn−1uk̂k̂

) (
C u (G1uk̂ )...(Gn−1uk̂ ) k̂

))(
k̂ + 1 ·̂ k̂

)
=wZ Qi u k̂

(
G1uk̂k̂

)
. . .
(
Gn−1uk̂k̂

) (
C u (G1uk̂ ) . . .

. . . (Gn−1uk̂ ) k̂
)

by S1.20, since (k + 1) · k = 1

=wZ Qi u k̂
(
Y ∗1 u k̂

)
. . .
(
Y ∗n−1u k̂

) (
Y ∗n u k̂

)
by (46).

Proof that Y ∗n satisfies both parts of (42). For the first part:

Y ∗n u 0̂ =wZ C u (G1u 0̂ ) . . . (Gn−1u 0̂ ) 0̂ by (46)

=wZ Pn u by (47).

For the second part of (42):

Y ∗n u k̂ + 1 =wZ C u (G1uk̂ + 1 ) . . . (Gn−1uk̂ + 1 ) k̂ + 1 by (46)

=wZ Qn u k̂ (G1uk̂ + 1 k̂ ) . . . (Gn−1uk̂ + 1 k̂ )
(
C u (G1uk̂ + 1 ) . . .

. . . (Gn−1uk̂ + 1 ) k̂
)

by (47)

=wZ Qn u k̂ (G1u k̂ k̂ ) . . . (Gn−1u k̂ k̂ )
(
Cu (G1uk̂ ) . . .

. . . (Gn−1uk̂ ) k̂
)

by (48), (49)

=wZ Qn u k̂ (Y ∗1 u k̂ ) . . . (Y ∗n−1u k̂ )(Y ∗n u k̂ ) by (46).

This ends the proof of the Soundness theorem. By the way, the si-

multaneous recursion argument in that proof can be slightly re-written

to give the following general result.

Corollary S1.34.1 (Simultaneous recursion in CLZ→) For all n ≥
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1 and closed CLZ→-terms Pσ1
1 , . . . , P σnn , Qτ11 , . . . , Q

τn
n , where (for i =

1, . . . , n)

τi ≡ N→ σ1 → . . .→ σn → σi :

there exist closed CLZ→-terms FN→σ1
1 , . . . , FN→σn

n such that, for i =

1, . . . , n, and all k ≥ 0,{
Fi 0̂ =wZ Pi ,

Fi k̂ + 1 =wZ Qi k̂ (F1k̂ ) . . . (Fnk̂ ) .

}
(50)

The next theorem is the main goal of the present Supplement.

Theorem S1.35 (Consistency) First-order Peano Arithmetic PA is

consistent, in the sense that

PA 6` 0 = 0′ .

Proof By Theorem S1.5, it is enough to prove HA 6` 0 = 0′.

If HA ` 0 = 0′, then by the Soundness theorem, S1.34, (0 = 0′)D must

be true in the sense of Definition S1.29. But, by Definition S1.31(a),

(0 = 0′)D is the quantifierless ∃∀-claim[
(ε̂ 0̂ (σ̂ 0̂ )) . 0̂

]
.

If this claim is true, then the CLZ→-term ε̂ 0̂ (σ̂ 0̂ ) reduces to 0̂. But

this term reduces to σ̂ 0̂, by the key property of ε̂ in Corollary S1.22.1;

and by Corollary S1.15.1 it cannot reduce to two normal forms.

Remark S1.36 (Arithmetizability) The above account has de-

scribed the steps in the consistency-proof in the kind of informal meta-

theory that logic textbooks normally use. However, it is important to

note that all these steps, including the definition of the Dialectica inter-

pretation and the proof of its soundness, can be translated into a formal

system of meta-theory, cf. the discussions in [Tro73, Ch.III §5].

Now, as was first noted by Gödel in the proofs of his incompleteness

theorems, the syntax of any formal theory, including CLZ→, can be

translated into the language of first-order arithmetic PA or HA by cod-

ing terms, formulas, proofs etc. as natural numbers, called their gödel

numbers. This can be done in such a way that basic syntactical op-

erations such as substitution can be represented by recursive functions
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(indeed, primitive recursive functions). The statement that PA is con-

sistent then translates into a formula of PA itself, which we may call

‘ConsisPA’. Gödel’s second incompleteness theorem for PA states that

if PA is consistent then

PA 6` ConsisPA. (51)

This Supplement has described Gödel’s proof that PA is consistent. By

(51), if PA is indeed consistent, that proof cannot be translated by gödel-

numbering into a proof in PA of

ConsisPA.

Hence, assuming PA is in fact consistent, the present Supplement must

contain at least one concept or proof-step that is ‘non-arithmetical’, i.e.

a concept that cannot be translated into the language of PA, or a proof-

step that does not translate into a correct deduction in PA.

It turns out that all the consistency-proof is arithmetical except the

proof of normalization. (Cf. [Tai67], [Tro73, §§2.3.11 – 2.3.13].)

The next Section will show that SN, which involves the concept of

arbitrary infinite reduction, can be replaced by a version of WN whose

statement is arithmetical.

However, the proof of this version of WN will use the concept of

‘computable term’, Definition S1.40, which will not be arithmetical (see

[Tro73, §2.3.11]). And by (51), any alternative proof of WN must contain

a non-arithmetical concept or step. (Unless PA is actually inconsistent!)

S1G Direct proof of WN for CLZ→

In this Section the WN part of the normalization theorem (Theorem

S1.16) will be proved independently of the SN part.

Roughly speaking, to state SN in full one must first define the concept

of arbitrary infinite reduction, even though one is claiming that no such

reductions exist; and this is not possible in PA. In what follows, SN

will be replaced by a version of WN that involves only one reduction of

X, with each contraction-step uniquely defined by an algorithm. (Cf.

[Tro73, §2.2.2 ‘standard reductions’])

Definition S1.37 (WNlmr terms) A wZ-redex in a CLZ→-term X

is minimal iff it contains no other wZ-redex. The leftmost-minimal
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reduction or l.m.r. of a term X is the (uniquely defined) reduction

X ≡ X0 .1wZ X1 .1wZ X2 .1wZ etc., (52)

obtained by contracting the leftmost minimal redex at each step.

Iff some Xi in (52) contains no wZ-redexes, the reduction terminates

and we call X weakly normalizable by l.m.r. or WNlmr.

(By the way, if X was already known to be SN, its l.m.r. would be the

longest of its reductions; but the definition of l.m.r. does not depend on

knowing whether X is SN or not.)

Theorem S1.38 (Weak normalization) Every CLZ→-term is

WNlmr.

S1.39 (Proof-strategy) The proof will use Tait’s method, which

was applied in [HS08, Appendix 3] to prove SN. The first step will be to

define a concept computable term, cf. [Tro73, §2.2.5, Comp” ], [Tai67,

p.203, C-predicates], [HS08, Def. A3.2, SC ]. Then we shall prove that

(A) every computable term is WNlmr,

(B) every term is computable.

The proof will be very like [HS08, Appendix 3]; but a little more com-

plicated, so it will be given in detail here for completeness’ sake.

Definition S1.40 (Computable terms) For CLZ→-terms Xτ , com-

putable is defined by induction on τ :

(a) a term with atomic type is computable iff it is WNlmr;

(b) a term Xρ→σ is computable iff, for every computable Y ρ, the

term (XY )σ is computable.

Note S1.41 If Xρ→σ and Y ρ are computable, then, by Definition

S1.40(b), so is (XY )σ.

Note S1.42 Let τ be any type. As in §S1.7(4), τ can be written

uniquely as

τ ≡ τ1 → . . .→ τn → N (n ≥ 0).

Then, by Definition S1.40(b) used n times, a term Xτ is computable iff

(XY1 . . . Yn)N is computable for all computable terms

Y τ11 , . . . , Y τnn .
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And, by Definition S1.40(a), (XY1 . . . Yn)N is computable iff it is WNlmr.

Lemma S1.43 Let y be any variable: if Xy is WNlmr, then so is X.

Proof The l.m.r. of Xy must begin by contracting minimal redexes in

X as long as possible, thus:

Xy .wZ X ′y (X .wZ X ′)

.wZ etc.

If X ′y is a normal form, then so is X ′, and hence X is WNlmr. If the

next step in the reduction is to contract X ′y, then X ′y is a minimal

redex, so X ′ cannot contain a redex; hence X is WNlmr.

Lemma S1.44 For every type τ :

(a) if Xτ ≡ (aX1 . . . Xm)τ , where m ≥ 0, a is a non-redex atom, and

X1, . . . , Xm are all WNlmr, then Xτ is computable;

(b) every non-redex atom aτ is computable;

(c) every computable term with type τ is WNlmr.

Proof For (b), apply (a) with m = 0. For (a) and (c), we shall prove

these together by induction on τ , like [HS08, Lemma A3.10].

Basis: τ is an atom. For (a): since a is a non-redex atom, the l.m.r.

of aX1 . . . Xm consists only of contractions in X1, . . . , Xm. But these

terms are assumed to be WNlmr. Therefore aX1 . . . Xm is WNlmr, and

hence is computable by Definition S1.40(a).

For (c): since τ is an atom, the desired result is just S1.40(a).

Induction step: τ ≡ ρ → σ. For (a): let Y ρ be computable. By the

induction hypothesis (c), Y ρ is WNlmr, and therefore (aX1 . . . XmY )σ

is computable by the induction hypothesis (a). Hence (aX1 . . . Xm)τ is

computable by Definition S1.40(b).

For (c): let Xτ be computable, and let yρ be a variable. By the

induction hypothesis (a) with m = 0, yρ is computable. Hence, by Note

S1.41, (Xy)σ is computable. So, by the induction hypothesis (c), (Xy)σ

is also WNlmr. Therefore by Lemma S1.43, Xτ is WNlmr.

Corollary S1.44.1 The atoms 0̂ and σ̂ are computable, by S1.44(b).

Part (c) of the above lemma has achieved the first step in the proof-

strategy S1.39. To complete the second step, we shall begin by proving

that all atoms are computable, then extend this to all terms by induction
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on the lengths of terms. The induction step will be easy, but the atoms

will not, and the hardest one will be Z (as we might expect).

Lemma S1.45 The atoms Sρ,σ,τ are computable, for all types ρ, σ, τ .

Proof Sρ,σ,τ has type (ρ→ σ → τ)→ (ρ→ σ)→ ρ→ τ . Let

τ ≡ τ1 → . . .→ τn → N,

where n ≥ 0, and let Xρ→σ→τ , Y ρ→σ, Zρ, Uτ11 , . . . , Uτnn be any com-

putable terms. The term

SXY ZU1 . . . Un (53)

has type N, so, by Note S1.42, to prove S is computable it is enough to

prove (53) is WNlmr.

Now X, Y , Z, being computable, are WNlmr by Lemma S1.44(c).

Hence they have normal forms X∗, Y ∗, Z∗. The leftmost-minimal re-

duction of (53) must have form

SXY ZU1 . . . Un .wZ SX∗Y ∗Z∗U1 . . . Un
.1w X∗Z∗(Y ∗Z∗)U1 . . . Un
.wZ . . . .

 (54)

Since X, Y , Z are computable, XZ(Y Z) is computable by Note S1.41.

Therefore, by Note S1.42, the term

XZ(Y Z)U1 . . . Un

is WNlmr, so its l.m.r. terminates. Therefore in (54) the reduction of

X∗Z∗(Y ∗Z∗)U1 . . . Un must terminate. Hence SXY ZU1 . . . Un is WNlmr,

as required.

Lemma S1.46 The atoms Kσ,τ are computable, for all σ, τ .

Proof Kσ,τ has type σ → τ → σ. Let σ ≡ σ1 → . . . → σn → N

(n ≥ 0), and let Xσ, Y τ , Uσ1
1 , . . . , Uσnn be any computable terms. To

prove K is computable, it is enough to prove the following is WNlmr:

KXY U1 . . . Un. (55)

Since X, Y are computable, they are WNlmr by Lemma S1.44(c), and

so have normal forms X∗, Y ∗. Then the leftmost-minimal reduction of
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(55) has form

KXY U1 . . . Un .wZ KX∗Y ∗U1 . . . Un
.1w X∗U1 . . . Un
.wZ . . . .

 (56)

Since X is computable, XU1 . . . Un is WNlmr by Note S1.42. Also its

l.m.r. must begin by reducing X to X∗ and then continue exactly as in

the dotted part of (56). Hence KXY U1 . . . Un is WNlmr, and so K is

computable.

Lemma S1.47 The atoms Iτ are computable, for all τ .

Proof Like the proof for K.

Lemma S1.48 For every type τ :

(a) the atom Zτ is computable;

(b) the Church numerals mτ are computable, for all m ≥ 0.

Proof Part (b) will be used in the proof of (a).

Let τ ≡ τ1 → . . .→ τn → N, with n ≥ 0. Recall that the types of Zτ
and mτ are, respectively,

N→ (τ → τ)→ τ → τ, (τ → τ)→ τ → τ.

In what follows, V N, Xτ→τ , Y τ , Uτ11 , . . . , Uτnn will be any computable

terms with the types shown. By Lemma S1.44(c) they will also be

WNlmr, and hence will have normal forms V ∗, X∗, Y ∗, U∗1 , . . . , U∗n.

Proof that (b) =⇒ (a). To prove Z computable, it is enough to prove

that the following term is WNlmr:

ZV XY U1 . . . Un. (57)

If V ∗ is not a numeral 0̂, 1̂, 2̂, . . . , then ZV ∗ does not reduce to a

Z-redex, and so the leftmost-minimal reduction of (57) consists only of

reductions in V , X, Y , U1, . . . , Un. But ZV ∗X∗Y ∗U∗1 . . . U
∗
n is a normal

form if V ∗ is not a numeral, so (57) is WNlmr.

If V ∗ is a numeral m̂, then the l.m.r. of (57) is

ZV XY U1 . . . Un .wZ Zm̂XY U1 . . . Un (V .wZ m̂)

.1Z mXY U1 . . . Un (Zm̂ .wZ m)

.wZ . . . .
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But the dotted part of this reduction is just the l.m.r. of the term

mXY U1 . . . Un, and by (b) and Lemma S1.44(c), this terminates.

Proof of (b). We shall prove m computable by induction on m.

Basis (m = 0 and m ≡ KI). By Note S1.42, it is enough to prove that

KIXY U1 . . . Un is WNlmr (for all computable X, Y , U1, . . . , Un). This

term’s leftmost-minimal reduction must have form

KIXY U1 . . . Un .wZ KIX∗Y U1 . . . Un (X .wZ X
∗)

.1w IY U1 . . . Un

.wZ IY ∗U1 . . . Un (Y .wZ Y
∗)

.1w Y ∗U1 . . . Un

.wZ . . . .

This must terminate, because Y is assumed to be computable and so

the l.m.r. of Y U1 . . . Un terminates, by Note S1.42.

Induction step. Assume m is computable. Now m+ 1 ≡ SBm, so the

l.m.r. of m+ 1XY U1 . . . Un must begin thus (for all computable X, Y ,

U1, . . . , Un):

SBmXY U1 . . . Un .wZ SBmX∗Y U1 . . . Un

.1w BX∗(mX∗)Y U1 . . . Un

≡ S(KS)KX∗(mX∗)Y U1 . . . Un

.1w KSX∗(KX∗)(mX∗)Y U1 . . . Un

.1w S(KX∗)(mX∗)Y U1 . . . Un.


(58)

Let P ≡ mX. By the induction hypothesis and the definition of com-

putability (S1.40), the following terms are computable:

P, PY, X(PY ). (59)

Hence these terms are WNlmr, by Lemma S1.44(c). Let P ∗ be the wZ-

normal form of P . Also, by Note S1.42, the l.m.r. of X(PY )U1 . . . Un
terminates. In fact that reduction must have form

X(PY )U1 . . . Un .wZ X∗(P ∗Y ∗)U1 . . . Un
.wZ . . . .

}
(60)

Now the reduction (58) must continue thus:

S(KX∗)(mX∗)Y U1 . . . Un .wZ S(KX∗)P ∗Y ∗U1 . . . Un

.1w KX∗Y ∗(P ∗Y ∗)U1 . . . Un

.1w X∗(P ∗Y ∗)U1 . . . Un

 (61)

Then its further steps will be identical to the second part of (60), and
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hence will terminate. Therefore m+ 1 is computable, by Note S1.42.

Lemma S1.49 Every CLZ→-term Mτ is computable.

Proof By induction on the length of M .

Basis (M is an atom). This is covered by Corollary S1.44.1 and

Lemmas S1.44(b), S1.45, S1.46, S1.47 and S1.48.

Induction step (M ≡ M1M2 and M1, M2 are computable). By Defi-

nition S1.40(b), since M1 is computable, (M1Y ) is computable for every

computable Y . In particular, M1M2 is computable.

This lemma completes the proof of the weak normalization theorem

(S1.38).
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