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THE JOURNAL OF SYMBOLIC LOGIC 

Volume 55, Number 1, March 1990 

PRINCIPAL TYPE-SCHEMES AND CONDENSED DETACHMENT 

J. ROGER HINDLEY AND DAVID MEREDITH 

Abstract and introduction. The condensed detachment rule, or rule D, was first 
proposed by Carew Meredith in the 1950's for propositional logic based on 
implication. It is a combination of modus ponens with a "minimal" amount of 
substitution. We shall give a precise detailed statement of rule D. (Some attempts in 
the published literature to do this have been inaccurate.) 

The D-completeness question for a given set of logical axioms is whether every 
formula deducible from the axioms by modus ponens and substitution can be 
deduced instead by rule D alone. Under the well-known formulae-as-types 
correspondence between propositional logic and combinator-based type-theory, 
rule D turns out to correspond exactly to an algorithm for computing principal type- 
schemes in combinatory logic. Using this fact, we shall show that D is complete for 
intuitionistic and classical implicational logic. We shall also show that D is 
incomplete for two weaker systems, BCK- and BCI-logic. 

In describing the formulae-as-types correspondence it is common to say that 
combinators correspond to proofs in implicational logic. But if "proofs" means 
"proofs by the usual rules of modus ponens and substitution", then this is not true. It 
only becomes true when we say "proofs by rule D"; we shall describe the precise 
correspondence in Corollary 6.7.1 below. 

This paper is written for readers in propositional logic and in combinatory logic. 
Since workers in one field may not feel totally happy in the other, we include short 
introductions to both fields. 

We wish to record thanks to Martin Bunder, Adrian Rezus and the referee for 
helpful comments and advice. 

?1. Implicational logic. 
1.1. DEFINITION. Propositional formulae (denoted by a, /3, y,...) are built from 

propositional variables (denoted by a, b, c,...) using the connective A. We assume 
there is an infinite sequence of propositional variables. 

There are no propositional constants in this paper, and no other connectives than 
-A. (Relaxing this restriction would complicate the correspondence with com- 
binatory logic.} 
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1.2. Notation. "Iff" means "if and only if" Identity of formulae and other 
syntactical objects is denoted by "_", following Curry's convention; but identity of 
numbers, etc. is denoted by "=" as usual. 

"Without repetitions", or "distinct", for a sequence a,,..., a", means that i # j 
= a, # aj. Distinct letters are assumed to denote distinct variables unless otherwise 
stated. 

1.3. Axioms. Each system in this paper uses some of the following six formulae as 
axioms. Except for the last one, the axioms' names are motivated by the 
correspondence with combinatory logic (see later), which was known to Carew 
Meredith as early as 1951. The last formula is Peirce's law. 

(B) (a -b) ((c a) (c b)), (K) a (b a), 

(C) (a -(b c)) (b (a c)), (W) (a (a b)) -(a -b), 

(I) a a, (Peirce) ((a b) a) - a. 

1.4. Substitution Notation. A substitution a is an operation of simultaneously 
substituting formulae Flu fJ for distinct variables a1,..., a,; the result of doing 
this in a formula a is called a(a) or [#1/al, , ,]/a"] . 

A (substitution-) instance of a is any formula of form a(a). By Curry [1952, p. 264] 
or Robinson [1965, p. 31], if y is an instance of # and # is an instance of a, then y is an 
instance of a. (I.e. the set of all substitutions is closed under composition.) 

For any a, Vars(a) is the set of all variables occurring in at. 
A new variable of a(a) is a variable in a(a) that does not occur in a (i.e. a variable in 

Vars(a(a)) - Vars(a)). 
A trivial variant of a is any formula of form [b1/al,..., bI/aj] a, where bl,..., b, 

are distinct and a1,..., a, include all the variables in a (and are also distinct, by 
definition of the substitution notation). (The relation of trivial variance is clearly 
symmetric, reflexive and transitive. Also, it is not hard to prove that a is a trivial 
variant of # iff f and a are instances of each other.) 

1.5. DEFINITION (Five systems of logic). Each system has the following two rules: 
Rule (MP) (Modus Ponens or Detachment). From major premise a - and minor 

premise a, deduce JJ. 
Rule (Sub) (Substitution rule). From a deduce [ft1/a1,... ., ,l,/a,], provided that no 

ai occurring in a occurs also in a nonaxiom assumption in the deduction above a. 
The systems' names and axioms are: 
Classical logic: (B), (C), (K), (W), (Peirce); 
Intuitionistic logic: (B), (C), (K), (W); 
Relevance-logic (R4): (B), (C), (I), (W); 
BCK logic: (B), (C), (K); 
BCI logic: (B), (C), (I). 
1.6. Notes. (i) The classical system is known to have for its provable formulae 

exactly the usual classical tautologies of implication; cf. Prior [1955, Part I, Chapter 
III]. 

(ii) The intuitionistic system is the same as Hilbert's positive implicational logic (cf. 
D. Meredith [1978]). 

(iii) The system R. is from Anderson and Belnap [1975, Chapter 1, ?3], and 
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coincides with the system called weak implication in Church [1951] and weak 
positive logic in D. Meredith [1978]. It is one of many attempts that have been made 
to formalize the concept of relevant implication. 

(iii) The BCK and BCI systems were first defined by Carew Meredith (Meredith 
and Prior [1963, ??7-8]), and have since been the subject of several studies in the 
literature. Their significance will be made clear in the deduction theorem later. 

(iv) The sets of provable formulae in the five systems are related as follows: 

Classical v Intuitionist v BCK D BCI, 

Intuitionist v R, D BCI. 

(The inclusions hold because formula (I) is deducible from (C) and (K); see Note 1.8.) 
1.7. DEFINITION. For any finite or infinite set v of implicational formulae, a?- 

logic is the set of all formulae provable by (MP) and (Sub) using only members 
of / as axioms. 

1.8. Note on Deductions. In this paper, Deductions are assumed to be laid out in 
tree-form, with assumptions and axioms at the tops of branches and the conclusion 
at the bottom. For example, Figure -1 shows a deduction of a -* a using axioms (C) 
and (K). 

1.9. Deducibility Notation. The notation ao,...,a F-J means that there is a 
deduction whose nonaxiom assumptions are some or all of ao, ..., 5a. and whose 
conclusion is JJ. (If an assumption occurs twice in the deduction, we do not write it 
twice in the sequence a,.. .,a.) When n 0, i.e. there are no nonaxiom 
assumptions, the deduction is called a proof of JJ, and the notation F J means that 
such a proof exists. 

1.10. DEFINITION. A substitutions-first deduction is a deduction in which rule 
(Sub) is only applied to axioms. 

1.11. LEMMA. Every deduction 9 can be replaced by a substitutions-first deduction 
9* with the same assumptions and conclusion. 

PROOF. By the well-known technique of pushing (Sub)-steps up above (MP)-steps 
and combining any resulting sequences of successive (Sub)-steps into one (Sub)-step. 
(This works for any set of axioms.) The proviso in rule (Sub) ensures that all (Sub)- 
steps that remain in _9* after this process are applied to axioms. IZ 

Axiom (C): 

(a (b -ic)) (b (a * c)) 
(Sub) Axiom (K): 

(a(b -a))-(b-(a-a)) a-*(b --a) 
(MP) Axiom (K): 

b-(a-a) a-(b-a) 
(Sub) (Sub) 

(c (d c)) (aca) C-(d-c) 
(MP) 

a -+ a 

FIGURE 1 
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1.12. DEDUCTION THEOREM. In classical and intuitionist logic: for all n > 0, 

ax ...,5 a",#3 - y implies al, .,xF- an /*y 

In the three weaker logics the same holds, provided that 
in (R4): /3 occurs at least once as an assumption in the (tree-form) deduction of y; 
in (BCK): # occurs at most once as an assumption in the deduction of y; 
in (BCI): /3 occurs exactly once as an assumption in the deduction of y. 
PROOF. There is a direct proof by induction on the deduction of y. But one can 

also go via ??4-5 (which do not depend on the present theorem), as follows. Let & be 
a deduction giving x1, . . . , a",- y, and define eTA and Xg as in Definitions 5.6 and 
5.7. Let Y_ Xg, and let x be the variable in Xg corresponding to /3. Then Y and 
x satisfy the conditions of Theorem 4.12, so there is a TA-deduction 9 whose 
conclusion is (A *x. Y): y a, and such that 9L (Definition 5.2) is a deduction of 

al . .,an 
- + . 

- 

1.13. Note. If the proviso in rule (Sub) were omitted, the deduction theorem 
would fail. For example, in classical logic we would have a F- b by unrestricted 
substitution, but not F- a -+ b. 

?2. Condensed detachment. 
2.1. Outline of rule D. As premises, rule D accepts any ordered pair of formulae X, 

y. Its conclusion is the most general formula that can be deduced by modus ponens 
from an instance of 4 as major premise and an instance of y as minor premise. (If no 

such formula exists, there is no conclusion.) If there is a conclusion, it is called D~y. 
Rule D is also called the condensed detachment rule, and was introduced into logic 

by Carew A. Meredith in the early 1950's. Its statement first appeared formally in ?9 
of the mimeographed typescript Lemmon et al. [1957], and it was used in Meredith 

and Prior [1963] and [1964]. In 1957 a program for calculating Dcy on the 

UNIVAC I computer was written and run by D. Meredith. Further comments on the 

history of rule D are in D. Meredith [1977], Rezus [1982] and Kalman [1983]. 
We shall state the rule in more detail below, using the unification notation; and 

results of Robinson [1965]. But first we need some definitions and lemmas. 
2.2. DEFINITION. A common instance of a pair of formulae {a, y} is any formula 5 

which is an instance of both a and y; i.e. such that =_ a(a) =_ 2(y) for some 

substitutions a1 and a2. A highest common instance (h.c.i.) of {a,y} is a common 

instance 30 such that every other common instance of {a, y} is an instance of 30. 
Roughly speaking, an h.c.i. is a common instance obtained with the "least" 

amount of substitution. H.c.i.'s, if they exist, are not unique; if 50 is an h.c.i. of 

{a, y}, then so also is every trivial variant of 30. But they are unique modulo trivial 

variance, so we shall sometimes say "the h.c.i." as if they were unique. 
2.3. DEFINITION (Robinson [1965, ?5]). A unifier of {l, y} is any substitution a 

such that a(a) _ a(y). A most general unifier (m.g.u.) of {a, y} is a unifier a0 such that, 
for every other unifier a of {a, y}, a(a) is an instance of ao(a). 

2.4. UNIFICATION THEOREM. If a pair {a, y} has a unifier, then it has an m.g.u. 
PROOF (Robinson [1965, ?5]). Robinson gives a unification algorithm which 

decides whether a pair {a, y} has a unifier, and computes an m.g.u. if a unifier exists. 
D- 
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2.5. LEMMA. Let a, y have no variables in common. 
(a) If co is an m.g.u. of {a, y}, then ao(a) is an h.c.i. of {a, y}. 
(b) If the pair {a, y} has a common instance, then it has an h.c.i. 
PROOF. (a) is easy. (But note that if a and y had variables in common, (a) would 

fail.) (b) comes from (a) and the unification theorem. O 
2.6. Rule D in Detail. Premises: any ordered pair of formulae X, y. Conclusion: a 

formula called D~y constructed as follows. 
If 4 is a variable, say 4 _ a, define Day _ a. 
If 4 =a -+ f, then change y to a trivial variant y' with no variables in common 

with a, and compute an m.g.u. a of {a, y'}; next change a by trivial variation to a a* 
such that no new variables in a*(a) occur in ft. Then define 

D(a -+ #)y a*(#) 

(If a-* / and {a, y'} has no unifier, then D(a -+ f)y is not defined.) 
2.7. Note. Dcy can easily be deduced from 4 and y by (MP) and (Sub). 
2.8. REMARK (On changing from a to a* in rule D above). This precaution is needed 

when # contains variables that do not occur in a. The new variables of a*(a) are those 
in Vars(a*(a)) - Vars(a), and the condition that none of these occurs in f3 says that 

[Vars(a*(a)) - Vars(a)] r- Vars(/3) = 0, 

or equivalently 

Vars(a*(a)) r- [Vars(fl) - Vars(a)] = 0. 

(If Vars(/3) - Vars(a) is empty, then the condition is automatically satisfied.) With- 
out the change from a to a*, D(a -+ #)y might not be the most general conclusion 
deducible from a -+ # and y by (Sub) and one application of (MP). For example, 
consider the proof in Figure 2. This would be an application of rule D if the change 
from a to a* was not required in rule D. But its conclusion is not the most general 
possible; in fact, by substituting f -+ a instead of c -+ a for b, we could have proved 

(c -+ a) -+(c -+(f -+a)), 

which is not an instance of (c -+ a) -+ (c -+ (c -+ a)). Thus the precaution of changing 
from a to a* is needed to make the detailed description of rule D in 2.6 agree with the 
outline in 2.1. {In the literature we have seen descriptions of D by at least two 
different authors that, while correct in outline, fail to mention this change when they 
come to details.} 

From axiom (K) 
Axiom (B): by (Sub): 

(a_ b)_((ca)_(cb)) d i(ed) 
(Sub)[(c -+ a)/b] (Sub) [aid, c/e] 

(a +(c a)) 0 a) (c (ca)) a (ca) 
(M P) 

(c a) (c -a)(c a-c4a)) 

FIGURE 2 
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2.9. DEFINITION. Let / be a set of formulae. A formula a is said to be D-provable 
in 4s-logic iff a can be proved by rule D, using only trivial variants of members of Sa 
as axioms. Condensed id-logic is the set of all formulae D-provable in Sd-logic. 

2.10. DEFINITION (D-completeness). Rule D is complete for d-logic, or d4-logic is 
D-complete, iff all the formulae provable in d-logic by modus ponens and 
substitution are provable by D; i.e. iff s-logic coincides with condensed d-logic. 

We shall show in ?6 that rule D is complete for classical and intuitionist logic but 
incomplete for BCK- and BCI-logic. 

2.11. Warning. If axiom-schemes were used in place of finite axiom-sets to 
define the five systems of logic in Definition 1.5, condensed detachment would need 
to be redefined. If this was not done, the axiom-scheme-based systems would be 
trivially D-complete, since every provable formula would be provable by (MP), and 
(MP) is a special case of D. 

?3. Combinatory logic. Combinators are linguistic expressions that were origin- 
ally intended to denote certain operators in an abstract context. A very clear 
informal motivation is in Schdnfinkel [1924], and an introduction to their basic 
properties is in Hindley and Seldin [1986, Chapter 2]. Some knowledge of these 
properties would help to motivate the definitions below, but the reader who merely 
wants to follow the formal argument of this paper will find everything necessary 
here. 

3.1. DEFINITION. CL-terms (denoted by U, V, W, X, Y, Z,...) are expressions 
constructed from certain symbols called basic combinators and an infinite sequence 
of term-variables (denoted by u, v, w, x, y, z,...), by the operation: from X, Y, 
construct (X Y). An atom is a basic combinator or a variable. A combinator or closed 
term is a CL-term containing no variables. Four sets of basic combinators give four 
sets of CL-terms: 

BCKW-terms: basic combinators B, C, K, W; 
BCIW-terms: basic combinators B, Cl , W; 
BCK-terms: basic combinators B, C, K; 
BCI-terms: basic combinators B, C, l. 
3.2. Notation. Following standard procedure in combinatory logic, parentheses 

will often be omitted from terms, and should be restored by association to the left; 
e.g. XYZ _ ((XY)Z). Also following standard procedure, the set of all variables 
occurring in a term X will be called FV(X). 

3.3. DEFINITION. For BCKW- and BCK-terms, define I CKK. For BCKW- 
and BCIW-terms, define S _ B(B(BW)C)(BB). 

3.4. DEFINITION (Weak reduction). For each set of terms, a relation X >W Y is 
defined by th'e usual rules of transitivity, reflexivity and replacements, together with 
an axiom-scheme for each basic combinator, taken from the following list: 

BXYZ >W X(YZ), CXYZ >W XZY, IX >W X, 
KXY >WX, WXY >W XYY. 

The only property of weak reduction needed here is that if I and S are defined as 
in Definition 3.3 above, then 

IX >W X, SXYZ >W XZ(YZ). 
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(Other properties are stated in Hindley and Seldin [1986, Chapter 2] and proved in 
Curry et al. [1972, ?1 IB]; their proofs are written out there for a system based on K 
and S, but the proof-methods are valid for B, C, etc. as well.) 

3.5. DEFINITION (Functional abstraction). For certain terms Y and variables x, we 
define a term called A*x. Y, not containing x, such that (A*x. Y)x >D Y. The following 
clauses are used (from Curry and Feys [1958, ?6A3], omitting (c)): 

(a) A,*x.Y KY if x does not occur in Y, 
(b) A*x.x = , 
(d) A*x.UV BU(,*x.V) if x occurs in V but not U, 
(e) A*x.UV C(A*x.U)V if x occurs in U but not V, 
(f) A*x.UV S(A*x.U)(A*x.V) if x occurs in both U and V. 
For BCKW-terms, define A*x. Y by (abdef); this definition works for all x and Y, 

because the 5 clauses cover all possible cases. 
For BCIW-terms, define A *x. Y by (bdef); this works when x occurs at least once 

in Y. 
For BCK-terms, define A*x. Y by (abde); this works when x occurs at most once 

in Y. 
For BCI-terms, define A*x. Y by (bde); this works when x occurs exactly once in Y. 

?4. Assigning types to terms. 
4.1. DEFINITION. Types are the same as the propositional formulae of ?1, and 

type-variables are the propositional variables. (The notation conventions for types 
will be the same as for propositional formulae. By the way, types have sometimes 
been called "type-schemes" in the literature.) 

Warning. Most of the published literature allows types to contain atomic type- 
constants, but here we do not; they would complicate the correspondence with 
propositional logic. 

4.2. DEFINITION. A TA- (type-assignment) statement is an expression X: a, where 
X is a CL-term and a is a type. Its subject is X and its predicate is a. (Read "X: a" as 
"X has type a". In the literature the notations "aX" and "X E a" have often been 
used instead.) 

4.3. DEFINITION. TA{B, C, K, W}, TA{B, C, 5, W}, TA{B, C, K} and TA{B, C, I } 

are four formal systems. Their axioms are infinite in number; they are all the 
substitution-instances of their principal axioms, which are the statements in this list 
that correspond to their basic combinators: 

B: (a -b) ((c -a) --(c - b)), C: (a - (b -c)) -(b -(a -c)), 1: (a -a), 

K: (a (b a)), W: (a -+(a -+b)) (a +b). 

Their only rule of inference is the -+-elimination rule: 

X:Q(ax-*) Y: a 
(-+ E) ~~ (XY):f3 

4.4. Motivation. For informal discussions of type-assignment, see Curry and 
Feys [1958, ?8C] (where (am -* J) is called (Fafl)), or Hindley and Seldin [1986, 
Chapters 13 and 14]. Roughly speaking, each type is intended to represent a set. 
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Type-variables represent unspecified sets, and a -+ ft a set of partial operators from a 
to /1; i.e. operators which, when applied to a member of a, produce either no output 
at all or an output in JJ. (There is a difference here from normal mathematical 
practice, as we do not insist that such operators give no output when applied to 
nonmembers of a; so an operator may belong to many, even an infinity of, different 
sets of form a -+ fl.) 

Rule (-HE) says that if X is a partial operator from a to ft and Y is in a, then (XY) is 
in /1, if (XY) is defined. 

To show how the principal axioms for B, C, 1, K, W are motivated, we shall take B 
as an example. Look at the reduction 

B xyz >, x(yz). 

To deduce a type-assignment for x(yz) by rule (-HE), say x(yz): b, the most general 
set of assumptions for x, y, z can easily be seen to be 

x: a -b, y: c - a, z: c. 

But Bxyz: b should also be deducible from these assumptions, because Bxyz and 
x(yz) are intended to represent the same object. And to deduce Bxyz: b by rule (-*E), 
it turns out that we need the axiom 

B: (a -+ b) -+ ((c -+ a) -+ (c b)). 

The other principal axioms can be motivated similarly. 
4.5. Notation. In what follows, "TA" means an unspecified one of the above 4 

systems, and a "TA-deduction" means a deduction in TA. If x1,.. ., x" are distinct 
variables (n > 0), we say 

Xi1: al, Xn: an [TA Y:: 

iff there is a TA-deduction of Y: f whose nonaxiom assumptions are some or all of 
xl: al, .. ., xn: ac. (Deductions in which x1,.. ., xn are not distinct are not discussed in 
this paper.) If n = 0 we call the deduction a proof and say F-TA Y: f. 

4.6. Note. We view a TA-deduction as a tree, with axioms and nonaxiom 
assumptions at the tops of branches and the conclusion at the bottom. For example, 
Figure 3 shows a proof of I: (a -+ a) in TA{B, C, K} or TA{B, C, K, W}, where 
I _ CKK. 

4.7. DEFINITION. If 9 is a TA-deduction and a a substitution, a(o9) is the result of 
applying a to all types in 9. 

An axiom for C: 
(let fa-> (b a)) An axiom for K: 

C:(-*(f-*x)) >(--+ (fQ ax--+x)) K:a >-(fl --a) 
(E) An axiom for K: 

CK: f (a(--*x) K: a-(b--*a) 

CKK: a a-* 

FIGURE 3 
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4.8. SUBSTITUTION LEMMA. Let TA be any of the four systems. If 9 is a TA- 
deduction giving X1: aL-,- , ;1TA Y: /3 then o() is a TA-deduction and gives 

x1: CO, * ,xn: (an) F-TA Y: () 

And from the case n = 0 we get 

F-TA Y:/ FTA Y: (f) 

4.9. Note. Let 9 be a TA-deduction giving X1: al,.. Xn an FTA Y: /3. By de- 
finition of the "F-" notation, this fact does not require that every statement xi: ai 
occurs in 9. And it is easy to see that xi: ai occurs in 9 as a nonaxiom assumption if 
xi occurs in Y. In particular, 9 is a proof iff Y is a combinator. 

4.10. DEFINITION. A combinator Y in TA is stratified or typable iff there exists ,3 
such that F-TA Y: /3. A term Y whose variables are x1, . . ., xn (listed without 
repetitions) is stratified or typable iff there exist Lr, .L. ., /, such that 

Xi: La1, . . ., Xn: Oan FTA Y: f- 

4.11. REMARK. Not all combinators in TA{B, C, K, W} and TA{B, C, 1, W} are 
stratified; for example )*x.xx can be shown to be unstratified in both systems. 
However, all combinators in TA{B, C, K} and TA{B, C, I} are stratified 
(Hindley [1989]). Of terms that contain variables, terms in TA{B,C,K} and 
TA { B, C, I } in which each variable occurs only once are stratified (Hindley [1989]), 
but all four systems contain terms such as xx which are not stratified. 

4.12. ABSTRACTION-AND-TYPES THEOREM. Let Xi . . . Xn, x be distinct, n > 0 and 
let x1: Lx 1,... Xn: Cxn, x: # FTA Y: y. Then in TA{B, C, K, W}, we have 

Xi: aL-t,--- Xn: On FTA (A*X Y): ( _+ 

And in the 3 weaker systems we have the same, provided that 
in TA {B, C, 1, W}: x occurs in Y at least once, 
in TA{B, C, K}: x occurs in Y at most once, 
in TA{B, C, I}: x occurs in Y exactly once. 
PROOF. Like Hindley and Seldin [1986, Theorem 14.19]. O 

?5. The correspondence with propositional logic. Clearly each type-assignment 
system corresponds to a system of implicational logic, with types corresponding to 
provable formulas. This correspondence is often known as the formulae-as-types 
correspondence, or the Curry-Howard isomorphism, and was noted in Curry [1942, 
p. 60, footnote 2]. The correspondence later became known to Carew Meredith, and 
the combinator names that we gave the propositional axioms in ?1.3 were in use by 
him in 1951. 

It is fairly clear that along with formulas-as-types, there is a correspondence 
between stratified combinators and proofs. But each stratified combinator has an 
infinite number of types, so the correspondence is not one-to-one. To get a one-to- 
one correspondence we must pass from proofs by substitution and modus ponens 
to proofs by rule D. 

The present section describes the correspondence between D-proofs and com- 
binators in detail. 

5.1. DEFINITION. The correspondence between TA-systems and systems of logic is 
defined by assigning: TA{B, C, K, W} to intuitionist logic, TA{B, C, 1, W} to R, 
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TA{B, C, K} to BCK-logic, and TA{B, C, I} to BCI-logic. (We leave classical logic 
out of this correspondence.) 

5.2. DEFINITION (Types-to-logic-mapping). Let 9 be a deduction in one of the four 

TA-systems, giving 

Xi: 04...Xn: an FTA Y: i 

where FV(Y) = X1,... ,xn. Define ?9L, the corresponding logical deduction, thus. 
First delete all terms from 9, leaving only the types. The result is an (MP)-deduction 
9' of /3 from n,1,. . ., anand some substitution-instances l (Y . ) , k(Y)of axioms of 

the corresponding logic. Then put a (Sub)-step above each ai(yi) to deduce it from 

axiom yi. Call the resulting deduction ?JL. 

5.3. THEOREM. Under the conditions in Definition 5.2: 
(a) 9L is a deduction in the corresponding system of logic, and gives al,...,a F 13; 
(b) if Y is a combinator (i.e. contains no variables), then ?9L is a proof; and 
(c) the mapping from 9 to 9L is a one-to-one correspondence between TA-proofs and 

substitutions-first proofs (Definition 1.10) in the corresponding system of logic. 
5.4. EXAMPLE. If 9 is the proof of 1: (a -* a) in Note 4.6, then ?L is a proof of 

ax -* a, like that in Note 1.8 but with all substitutions at the tops of branches. 

5.5. Warning. For deductions that are not proofs, the mapping from 9 to 9L is 

definitely not one-to-one. For example, let l, -92, 93 be TA { B, C, I }-deductions 
giving, respectively, 

x: a F-TA C(CIX)X: (b - (b c)) c, 

y: a F-TA C(CIy)y: (b (b c)) c, 

y: a, z: a F-TA C(CIy)z: (b (b c)) c, 

where x, y, z are distinct term-variables. Then 91L, 92L and 93L are the same, namely 
a deduction giving 

a F- (b -* (b -* c)) -* c 

in which the propositional variable a occurs twice as a nonaxiom assumption. 
In general, to a given logical deduction & there correspond many TA-deductions 

9 such that 9L= . (Exercise: show that one can always find a g such that the 

subject of _9's conclusion is a term in which each variable occurs only once.) The 

following definition selects one of these deductions 9 in a fairly natural way. Some 

boring notational precautions are needed to ensure that the selection is uniquely 
defined. (Though, in agreement with Theorem 5.3(c), these become unnecessary 
when the deductions in question are proofs.) 

5.6. DEFINITION (Canonical logic-to-types mapping). Choose an infinite sequence 

x1, x2, x3, ...of distinct term-variables. Let of be a deduction in intuitionist, R,, 
BCK- or BCI-logic, giving ac,. .. ., an F- /3, where a, is the assumption at the top of the 

leftmost branch whose top is not an axiom, a2 is the assumption at the top of the 

leftmost branch whose top is not an axiom and is distinct from oq, etc. Define ifTA, 

the canonical TA-deduction corresponding to i, as follows. First replace i by a 

substitutions-first deduction i' (Lemma 1.1 1). All substitutions in i' have form 
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where 4 is an axiom. Replace each such step by the single formula o(). Then replace 
each ci by xi: ai, and each substituted axiom by the corresponding TA-axiom, for 
example replace ot -* (f/3 -* c) by K: (c (3a)). Then go down the deduction 
S': for each (MP)-step 

ax - /3, cxF-/3, 

if a - /3 and ax have been replaced by X: ax / and Y: a, replace /3 by (XY): /3. 
5.7. DEFINITION. The subject of the conclusion of STA is called Xg, the canonical 

term corresponding to S. 
5.8. THEOREM. If g is a deduction in intuitionist, R. , BCI- or BCK-logic, giving 

al, . I n FA 

then 6TA is a deduction in the corresponding TA-system and gives 

X 1: OC1,.*Xn: OtnFX.-A; 

furthermore, (STA)L - 

5.9. Note. Instead of the Hilbert-style axiom-based formulation of logic used in 
this paper, we could have used Gentzen's natural deduction and made a 
correspondence with A-terms instead of CL-terms. But then, problems with bound 
variables would have made some of the proofs more complicated without making 
the results much deeper in the end. 

?6. Principal type-schemes. 
6.1. Notation. As before, "TA" denotes any of TA{B, C, K, W}, TA{B, C, 1, W}, 

TA{B, C, K}, TA{B, C, I}. And "a term in TA" means a BCKW-, BCIW-, BCK- or 
BCI-term, respectively. 

6.2. DEFINITION. (a) Let X be a combinator in TA, and let F-TA X: a. Then ax is a 
principal type-scheme (p.t.s.) of X if, for all /3, F-TA X: / iff / is an instance of a. 

(b) Let FV(X) = {x1, .. , xn }, listed without repetitions, and let 9 be a deduction 
giving 

X 1 . , Xn: aXn lFTAX: at 

Then 9 is a principal TA-deduction for X, and a is a p.t.s. of X, if every deduction 9' 
with form 

X1/ xfl : /Xn 3fn fFTA X:/ 

is a substitution-instance of 9 (and hence /3 is an instance of a). 
6.3. Notes. (a) The p.t.s.'s of X differ only by trivial variance, so we shall refer to 

"the p.t.s. of X" or "pts(X)" as if it was unique. 
(b) The p.t.s.'s of the basic combinators are the types in their principal axioms (see 

Definition 4.3). 
(c) In systems where I is defined to be CKK, its p.t.s. can easily be shown to be 

a -f a. 
6.4. FIRST PTS THEOREM. In each of the four TA-systems, every stratified term has 

a p.t.s. and a principal TA-deduction. 
PROOF. Curry [1969, Theorem 1], Hindley [1969, Theorem 1], or Morris [1968]. 

Li 
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The following lemma is the key to the correspondence between principal type- 
schemes and condensed detachment. It shows how to construct a p.t.s. for a stratified 
term UV from p.t.s.'s of U and V, if U and V have no term-variables in common. 
And, roughly speaking, it implies that the class of all principal deductions is closed 
under rule D. 

6.5. LEMMA. Let FV(U) = {u1,... ,uP} and FV(V) = {V1,..., vq}, and let 
U1, ... ,Up, v1,. . ., Vq be distinct. Let 9, i be principal TA-deductions giving, 
respectively, 

U1.: Q1 ... , UP .p FTA U: 

v1: Y1,.. . , Vq. Yq qFTA V:. - 

Case (a): a-+ /3. Let' be a substitution which changes if into a trivial variant i' 
having no type-variables in common with 9, and let {a, y'} have a most general unifier a. 
Let a* be a trivial variation of a such that no new variables in a*(a) occur in /3. Then 
a*(/3) is a p.t.s. of UV, and there is a principal TA-deduction giving 

Ul: 5*4)..up: U*(4p), V1: U*f ) (7 - * Vq: U (Yq') FTA UV: Cf (S. 

Case (b): 4-a. Let ' mean the same as in Case (a), and let a be the substitution of 
'- a for a. Then a is a p.t.s. of UV, and there is a principal deduction giving 

u1: up: . .,0U p o(p), V1: ye, . , Vq: Yq KTA UV: a. 

PROOF. Case (a) is [Hindley 1969, Corollary 1.3]. To construct the principal 
deduction for UV, one cannot simply apply a substitution-rule to the statements 
U: a -* / and V: y and then use rule (->E), because there is no substitution-rule in 
TA. Instead, one must apply the substitution a* to the whole of the deduction of 
U: a -* /3, and apply the trivial variation ' to the whole deduction of V: y, and then 
use (-*E). 

Case (b). Use Hindley [1969, proof of Theorem 1]. D 
6.5.1. COROLLARY. Let U and V be combinators having p.t.s.'s a -+ and y 

respectively, with no variables in common to a - /3 and y. Let {a, y} have a most general 
unifier a, and let a* be a trivial variation of ai such that no new variables in a*(a) occur 
in /3. Then a*(/3) is a p.t.s of UV. 

PROOF. Lemma 6.5 with FV(U) and FV(V) empty. LI 
6.6. Exercise. Show, using Theorem 6.5(a) or Corollary 6.5.1 at each step, that 

pts(S) -=(a -+(b -+ c)) -+((a -+b) -+(a -+c)), pts(C II) -=((a -+a) -+b) -+b. 

6.7. PTS-AND-D THEOREM. In intuitionistic, Ri-, BCK- or BCI-logic, a formula a 

is D-provable iff a is a p.t.s. of a combinator in the corresponding TA-system. 
PROOF. =O. Let a have D-proof i. Build a suitable combinator (call it Xg) by 

induction on if, thus: if i is a logical axiom from ?1.3, then X5 is B, C, 1, K or W; if i 
ends with a step by rule D, then use Corollary 6.5.1. (This Xg is the same as the X. in 
Definition 5.7, if if is viewed as a proof by (MP) and (Sub).) 

A. Let a be a p.t.s. of a combinator X. Construct a D-proof -0?(X) of the formula 
a, by induction on X, as follows. 

If X is an atom B, C, 1, K or W, then a is a trivial variant of a logical axiom. Let 
bp(X)_ a. 
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If X UV, then X: ax must be deducible by rule (-*E) from statements U: 6 -a o 
and V: 6, for some 6. By the first pts theorem, U and V have p.t.s.'s 4 and y 
respectively, and by the hypothesis of the induction on X these are D-provable, say 
by proofs Y(U) and Y(V). By Lemma 6.5 and its corollary, U V has a p.t.s. a', derived 
from 4 and y by exactly the same procedure as rule D. Thus a' is D-provable, by 
applying rule D to 9(U) and P(V). But a is given as a p.t.s. of UV, so it is a trivial 
variant of a'; hence a has a D-proof, obtained by changing variables in the D-proof 
of a'. Call this D-proof ?9(UV). 

6.7.1. COROLLARY. Under the conditions of Theorem 6.7, Y(X) is uniquely defined 
modulo trivial variance, and ?I(Xg) &=. Hence the mapping from X to Y(X) is a one- 
to-one correspondence between all stratified combinators in a given TA-system, and all 
D-proofs in the corresponding logic (modulo trivial variance). 

Thus stratified combinators are just codings of D-proofs in propositional logic. 
No doubt the correspondence in the theorem can be extended to relate D- 
deductions that are not proofs to terms that are not combinators, but we leave this, 
and its probably messy details, to the reader. 

This section will end with the theorem which will imply the completeness of D for 
intuitionist logic. Its proof will need the following result. 

6.8. THEOREM. In the abstraction-and-types theorem (Theorem 4.12), if the given 
deduction of Y: y is principal, then there is a principal deduction of (A*x. Y): (/3 -* y). 

PROOF. Check the deduction you constructed in your proof of Theorem 4.12. 
6.9. Warning. If the algorithms for A* included clause (c) of Curry and Feys [1958, 

?6A3], the above result would fail. (Clause (c) says that A*x. Ux U when x does not 
occur in U.) 

6.10. CONVERSE PTS THEOREM. In TA{B, C, K, W}, if a is a substitution-instance 
of a p.t.s. of X, then a is a p.t.s. of a term Xa. Further, Xa weakly reduces to X. 

PROOF. Hindley [1969, Theorem 3]. The proof of that theorem needs Theorem 
6.8. Also, the proof in Hindley [1969] assumes that the basic combinators are S and 
K. But an inspection of that proof shows that it still works when S is not basic; all it 
needs is that the p.t.s. of S be the one given in Exercise 6.6 above. D 

?7. The completeness of rule D. 
7.1. THEOREM. Rule D is complete for intuitionist implicational logic (Definition 

1.5). 
PROOF. Theorems 6.7 and 6.10. D 
7.2. DEFINITION. Let s/ and s/' be sets of implicational formulae. We say that S/'- 

logic is an extension of sl-logic iff sl-logic is a subset of sl'-logic (cf. Definition 1.7), 
and a D-extension of sl-logic iff condensed sl-logic is a subset of condensed s/'- 
logic (Definition 2.9). 

Clearly, if s/' v- W then sl'-logic is both an extension and a D-extension of S/- 
logic. 

7.3. D-EXTENSION THEOREM. Let s be a set of formulae such that a - a is provable 
in sl-logic for all a. If rule D is completefor sl-logic, then it is complete for every D- 
extension of sl-logic. 

PROOF. Let sl'-logic be a D-extension of si-logic. The rules of sl'-logic are (MP) 
and (Sub). (MP) is a special case of D, so to prove D complete for si'-logic, it is 
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enough to show that (Sub) can be replaced by D, i.e. that for all a and a, o(a) can be 
deduced from a by D. 

Now by assumption, o(a) -* o(o) is provable in sl-logic, and hence is provable by 
D, since D is assumed to be complete for si-logic. Apply rule D to 

By the definition of D, this means making the substitution a into the minor premise ax 
and applying (MP). The conclusion is o(), is required. D 

7.3.1. COROLLARY. Rule D is complete for classical implicational logic (Defini- 
tion 1.5). 

PROOF. Theorems 7.1 and 7.3. (There might be an alternative proof implicit in 
Herbrand [1930], but we have not checked this.) 

7.4. THEOREM. Rule D is not complete for BCK-logic. 
PROOF. Look at the formula ((a -* a) -* a) -* a. It is a substitution-instance of 

((a -* a) -* b) -* b, which is the p.t.s. of CII by Exercise 6.6. Hence ((a -* a) -* a) -* a 
is provable in BCK-logic. We shall show that it is not D-provable. 

If it was D-provable from the BCK-axioms, then it would be the p.t.s. of a BCK- 
combinator X. Then Xi would also be a BCK-combinator. (I CKK.) By Hindley 
[1989], every BCK-combinator is stratified, so there would have to be a TA-proof 
of XI: y for some y. This proof's last step would have to have form 

(H+E) X: 
4 a+ , 1: 

4 
FTA XI: Y- 

And 4 - y and 4 would be instances of the p.t.s.'s of X and I respectively, so 

for some a, /3. Hence (a -a x) -a _ / _ * /3, which is impossible. D 
The above proof is adapted from an unpublished example which was devised by 

A. Wronski for a slightly different purpose; see Bunder [1986]. 
7.5. THEOREM. Rule D is not completefor BCI-logic. 
PROOF. By Theorems 7.3 and 7.4, it is enough to show that BCK-logic is a D- 

extension of BCI-logic. But two axioms of BCI are axioms of BCK, and the third is 
a -* a, which is D-provable from BCK because it is the p.t.s. of CKK. D 

7.6. Further D-completeness Results. By the above results, D is complete for the 
two strong systems, classical and intuitionist logic, but not for the two relatively 
weak ones, BCK and BCI. What about Ra, the one in between? When the D- 
completeness discussion in this paper was circulated informally in 1986-7 the 
answer for Rid was not known, but since then Ra has been shown to be D-complete 
by two independent proofs; see Meyer and Bunder [1990] and Mints and Tammet 
[1990]. 

In fact Meyer and Bunder prove the D-completeness of a system strictly weaker 
than RA, namely the system TV of Anderson and Belnap [1975]. The axioms of 
TV are 

(a - b)---((c---a)---(c -- b)), (a-*b)---((b -- c)---(a---c)), al-a. 
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These are the p.t.s.'s of the combinators B, CB, 1, respectively (CB is often called B' 

and has the reduction property B'XYZ >D Y(XZ).) 
The question of whether there is an even-weaker yet interesting D-complete 

system is still open. 
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